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ABSTRACT

The present thesis consists of three results related to the geometry of rota-
tion invariant Kéahler metrics. In the first one, we prove that a 3-codimensional
Kahler-Einstein submanifold of the complex projective space with rotation
invariant metric is forced to be the product of complex projective spaces. In
the second one, we prove that the only stable-projectively induced Ricci-flat
Kéhler metrics are flat. Finally, we prove as third result that given a Ricci-
flat radial Kéhler metric defined on a complex surface such that the third
coefficient of its Tian-Yau-Zelditch expansion vanishes, then it is flat.
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INTRODUCTION

An interesting open question in complex geometry is concerned
with the characterization of Kéhler-Einstein metrics Kahler im-
mersed (namely holomorphically and isometrically immersed) in
a finite or infinite dimensional complex projective space endowed
with the Fubini-Study metric. In particular, the only known ex-
amples of complete Kéhler-Einstein manifolds Kéhler immersed in
(CP", gpg), with n < o0, are compact, simply connected and homo-
geneous with positive scalar curvature, as shown by the statement
of the following theorem (see also [36] and [67]).

Theorem 1 (S. S. Chern [23|, K. Tsukada [73]). Let (M, g) be
a complete n-dimensional Kihler—Finstein manifold (n = 2). If
(M, g) admits a Kdhler immersion in CP"*2, then M is either
totally geodesic or the complex quadric Q,, in CP"1.

Consequently, we have the following conjecture (see also [1] and
3])-
Conjecture 1. A complete Kihler-FEinstein manifold Kdhler im-

mersed in (CP", gpg) is homogeneous, compact, simply connected
and it has positive scalar curvature.

Observe that A. Loi and M. Zedda provide in [52] explicit
examples of non-homogeneous Kahler-Einstein manifolds which
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INTRODUCTION

admit a Kéhler immersion in (CP*, gpg). Therefore the finiteness
hypothesis of the target complex projective space’s dimension
cannot be dropped.

Our conjecture is strengthened by the following results.

Theorem 2 (M. Takeuchi [68], A. Di Scala, H. Hishi, A. Loi [25]).
FEvery homogeneous manifold Kihler immersed in (CP", grg) is
compact and every homogeneous manifold Kahler tmmersed in
(CP™, gpg) is simply connected.

Theorem 3 (D. Hulin [38|). If a compact Kdhler-Finstein mani-
fold is Kdihler immersed in (CP®, gpg), then its Finstein constant
1S positive.

Moreover, one can also prove (see e.g. [25]) that, given a com-
pact simply connected homogeneous Kéhler (Einstein) manifold
with integral Kéahler form, then the Kodaira map suitably normal-
ized is a Kdhler immersion.

For the particular case of Ricci-flat Kéhler metrics, we also
believe the validity of the following.

Conjecture 2. If a Ricci-flat Kdhler metric can be Kdhler im-
mersed in (CPY, grg) then it is flat and N = 0.

At the same time, we propose to study Ricci-flat Kahler metrics
from a different point of view, namely that of Tian-Yau-Zelditch
coefficients. The requirement that a Kahler metric is projectively
induced is a somehow strong assumption. Thus one could try
to approximate a Kéhler metric ¢ on a complex manifold M
with projectively induced ones. Roughly speaking, under suitable
conditions, we can construct for every sufficiently large positive
integer m a holomorphic map ¢, : M — CP™ into an N,,-
dimensional (N,, < o) complex projective space such that

i 1,
lim —¢’ grs = g.
m—o m
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INTRODUCTION

This approximation can be used to construct the so-called Tian-
Yau-Zelditch coefficients, which are smooth functions globally
defined on M that actually depend only on the metric g. Due
to Donaldson’s work (cf. [27], [28] and [2]) in the compact case
and respectively to the theory of quantization in the noncompact
case (see e.g. [8], [14] and [15]), it is natural to study metrics with
the Tian-Yau-Zelditch coefficients being prescribed. For instance,
the vanishing of this coefficients for large enough indexes turns
out to be related to some important problems in the theory of
psedoconvex manifolds (cf. [57], [33], [4]). In the last two decades
a lot of work has been done both in the noncompact and compact
cases. In the noncompact case, one can find, for instance, in [55]
a characterization of the flat metric as a Taub-NUT metric with
az = 0, while Z. Feng and Z. Tu [35] solve a conjecture formulated
in [80] by showing that the complex hyperbolic space is the only
Cartan-Hartogs domain where the coefficient as is constant. In
[53] A. Loi and M. Zedda prove that a locally hermitian symmetric
space with vanishing a; and as is flat.
In this direction, we address the last conjecture.

Conjecture 3. A Ricci-flat metric on an n-dimensional complex
manifold such that a,+1 = 0 is flat.

In the present thesis we are going to study the previous conjec-
tures in the case of Kéhler metrics that admit a local potential
with rotational symmetries. This choice follows a kind of approach
to the problem that has been often used in literature when, as in
our case, the faced problems can be described in terms of PDEs
too complicated to be solved directly. Hence, it is necessary to
proceed with a restriction of the set of the solutions in order to be
able to use analytical arguments. The restriction to rotationally
symmetric solutions is the most common, since allows frequently
to describe issues coming from Riemannian geometry through
ODEs. The results achieved in this way have been in several cases
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particularly interesting as shown for instance by [19], [29] and [46].

The thesis is divided into four chapters organized as follows.
The first chapter recalls preliminary notions and known results
about Kéhler manifolds, while the other three chapters contain
our results (cf. [51] and [65]). Precisely, we are going to study
Conjecture 1 in the second chapter, where we prove the following
two theorems.

Theorem 4 (cf. Theor. 2.1). Let A be the Finstein constant
of a Kdhler-Finstein rotation invariant n-dimensional manifold
M (locally) Kdhler immersed in a finite dimensional complex
projective space. Then A 1s a positive rational number less than
or equal to 2(n + 1). Hence, if M is complete, then it is compact
and stmply connected.

Theorem 5 (cf. Theor. 2.2). Let (M, g) be an n-dimensional
Kdhler-Einstein manifold whose metric is rotation invariant with
respect to Bochner’s coordinates. Then (M, g) admits a (local)
Kdhler immersion in CP" for k less than or equal to 3, if and
only if (M, g) is an open subset of (CP", grs), (CP?% 2gps) or
(CPl X CPl, grs @ ng)-

Notice that by D. Hulin [39] if a n-dimensional Kéhler-Einstein
manifold can be Kahler immersed in CPY then it can always be
extended to a n-dimensional complete Kéhler-Einstein manifold
Kéhler immersed in the same projective space and by Calabi [18§]
a local Kédhler immersion of a simply connected manifold into a
complex projective space can be extended to the whole manifold.

The Conjecture 2 is the topic of the third chapter. There, we
prove the subsequent theorem.

Theorem 6 (cf. Theor. 3.1). The only Ricci-flat, stable-projectively
induced and radial Kdhler metric is the flat one.

4 Filippo Salis
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Finally, the following theorem summarizes our results concern-
ing Conjecture 3, which is going to be studied in the fourth chapter.

Theorem 7 (cf. Theor. 4.2 and Theor. 4.5). Let us assume
that one of the following two conditions holds true for a Ricci-flat
Kdhler metric defined on a complex surface such that the third
Tian-Yau-Zelditch coefficient vanishes:

1. complete and ALE;
2. radial.

Then the metric is flat.

Filippo Salis )
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CHAPTER 1

PRELIMINARIES

The present chapter’s objective is just to recall some definitions
and basic properties dealing with Kéhler manifolds that are going
to be used later. For this reason we suggest by now [61] as reference
for a more detailed introduction to Kéhler geometry, |9] and [69]
as further references for Kéhler-Einstein metrics.

The first section is purely introductory and it focuses mainly on
the definition of Kéhler manifold. The second section illustrates
some techniques developed by E. Calabi for studying immersions
in complex projective spaces, that will be used in some proofs of
our results. Instead, the last two chapters deal with the problem of
searching a canonical metric in a given cohomology class of Kéhler
metrics (precisely they deal with K&hler-Einstein and constant
scalar curvature Kéhler metrics respectively), in order to justify
our interest in this kind of metrics.

1.1 Kahler metrics

Let M be a complex manifold with complex structure J. A
Riemannian metric g on M is called Hermitian metric if J is an
orthogonal transformation on each tangent space.

Filippo Salis 7



PRELIMINARIES

Definition 1.1. A Hermitian metric g is a Kahler metric if and
only if the associated 2-form w (Kdhler form) defined as

w(X,Y)=g(JX,Y),
for any tangent vectors X, Y, is closed.

Unlike general Riemannian metrics, Kéahler metrics can be
locally described by a single real-valued function.

Lemma 1.1 (00-lemma). If w is a Kdhler form on a complex
manifold M, then for any point p € M there exists an open subset
U c M containing p and a smooth real-valued function ® defined
on U (called local Kéhler potential ) such that

W, = %&éfb. (1.1)

Throughout this thesis we are interested in Kéhler metrics
with particular symmetries. Therefore, we need to introduce the
following.

Definition 1.2. A Kéhler metric g on a n-dimensional complex
manifold M is rotation invariant (resp. radial) with respect to
a coordinate system (z1,...,2,) centered in p, if there exists a
Kéhler potential ® for g on a neighborhood of p such that ® is
rotation invariant (resp. radial) in (z1, ..., z,), i.e. it only depends
on |z1]%,.. ., [zn|? (vesp. on |z1]* + -+ + |z4]?).

Finally, we give some remarkable examples of Kdahler manifolds
(with finite or infinite dimension n), i.e. complex manifolds en-
dowed with a Kéhler metric. Precisely, these are the unique Kéahler
manifolds which have constant holomorphic sectional curvature
(i.e. sectional curvature restricted to complex lines in the tangent
space). For this reason they are called complex space forms (cf.

11]).
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PRELIMINARIES

Ezample 1.1 (zero holomorphic sectional curvature). The complex
space C" with the Fuclidean metric gy, where C* denotes the
Hilbert space £2(C) consisting of sequences of complex numbers z;
such that Y7 |z|? < 4o0. For this metric there exists a global
Kéhler potential defined as

n

(I)(Zln SR Zn) = 2 ‘22‘2

1=1

Example 1.2 (negative holomorphic sectional curvature). The unit
ball

B" = {(21,...,22) € C" | X |zf* <1},
=1

endowed with a constant multiple of the hyperbolic metric g, for
which there exists a global Kéahler potential given by

P(21,...,2,) = —log (1 —Z |212> :
i=1

Example 1.3 (positive holomorphic sectional curvature). The com-
plex projective space CP" endowed with a constant multiple of
the Fubini-Study metric gpg. In the affine chart Uy = {Z, # 0},
where [Z) : ... : Z,] are homogeneous coordinates, we can relate
to this metric a local Kéhler potential given, with respect to affine
coordinates z; = %O fori=1,...,n, by

D(21,...,2,) = log (1 + Z |zl|2) :

1=1

1.2 Kahler immersions into (CPY, grg)

Riemannian manifolds are characterized by Nash theorem [5§],
which states that any Riemannian manifold can be smoothly and
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isometrically embedded into the Euclidean space R" for a suf-
ficiently large dimension n. In this sense, Hermitian manifolds
are deeply different from Riemannian ones, since an analogous
theorem in the complex setting does not hold true (even if we
allow the dimension of the ambient space to be infinite). In fact
many obstructions occur in the complex case, for example it does
not exist any holomorphic immersion from a compact complex
manifold into CV as a consequence of the maximum principle for
holomorphic functions.

The problem of the existence and uniqueness of holomorphic
and isometric immersions (from now on Kdhler immersions) from
Kihler manifolds into the Euclidean space C was theoretically
solved by Calabi in [18|, where he develops a criterium to estab-
lish when such immersions exist. Calabi also applies the same
techniques to solve the more general problem of the existence
and uniqueness of Kéhler immersions into (finite or infinite dimen-
sional) complex space forms. Since we are interested in projectively
induced metrics, we decided to summarize in this section Calabi’s
results dealing with these particular Kahler immersions.

Definition 1.3. A Kéhler metric ¢ on a connected complex
manifold M will be called projectively induced if there exist a
point p € M, a neighbourhood V of p and a Ké&hler immersion
f:(Vigv) = (CPY, gps), where N < co. We distinguish pro-
jectively induced metrics that admit a Kahler immersion into a
complex projective space with finite dimension from the other, by
calling the first ones finitely projectively induced.

Let (M, g) be a Kdhler manifold with a projectively induced
metric g and a local Kéhler potential ®. Since ® is assumed to be
real analytic by definition 1.3, by duplicating the variables z and
Z, it can be complex analytically continued to a function ® defined
in a neighborhood U of the diagonal containing (p,p) € M x M
(here M denotes the manifold conjugated to M). Thus one can

10 Filippo Salis
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consider the power expansion of ® around the origin with respect
to z and z and write it as
e}
O(2,2) = Z ajzMiZm. (1.2)
4,1=0

i
n my

Here, 2™ denotes the monomial in n variables [[:_, z; 7 and we
arrange for practical reasons every n-tuple of nonnegative integers
as a sequence m; = (m}, ...,m7) such that mg = (0,...,0),
im;| < |mj41| for all positive integer j and all the m;’s with the
same |m;| using reverse lexicographic order.

By 00-lemma, a Kihler potential is defined up to an addition
with the real part of a holomorphic function. Therefore there exists

a unique Kéhler potential (called diastasis function) defined as

D,(q) = ®(p, ) + (q,7) — ®(p,7) — ®(q,D),

where ¢ are points in the neighborhood U of p. Observe that it is
the unique potential such that the matrix (a;;) defined according
to eq. (1.2) with respect to coordinates system centered in p
satisfies ajo = ap; = 0 for every nonnegative integer j.

Ezample 1.4 (Complex space forms). We can easily check that
complex space forms’ Kéahler potentials described in examples 1.1,
1.2 and 1.3 are their diastasis functions around the origin (with
respect to affine coordinates in case of projective spaces).

A fundamental consequence of diastasis’ uniqueness consists in
the subsequent theorem.

Theorem 1.2 (Hereditary property, cf. [18] Prop. 6). If f is a
local Kihler immersion of a real analytic manifold S into CPY,
then the diastasis D3 (z) of S around a point pe f~H([1:0:...:
0]) is defined on S\f~HCPM\Uy), where Uy is the affine chart
{Zy # 0}, and it is equal to

e 0 f =log(1+f(2)]%)
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The diastasis function plays a key role in the achievement of
Calabi’s results, as shown by the following.

Theorem 1.3 (Calabi’s criterion, cf. [18] Theor. 8). There exists
a local Kdhler immersion around a point p of a real analytic Kdhler
manifold with diastasis Dy(z2) into CPY if and only if the matriz
of coefficients in the power expansion around p of

GDP(Z) —1= Z bijzmifmj
i,J
is positive semidefinite of rank at most N (we also say that the
metric is 1-resolvable of rank N ).

Theorem 1.4 (Rigidity, cf. [18] Theor. 9). A full Kdhler im-
mersion is unique up to unitary transformations of the complex
projective space.

Definition 1.4. A holomorphic immersion f: U — CP¥ is full
provided f(U) is not contained in any CP" for h < N.

Moreover, projectively induced metrics are deeply characterized
by the following properties.

Theorem 1.5 (Global character of projectively induced metrics,
cf. [18] Theor. 10). In a connected Kdihler manifold endowed with
a projectively induced metric, each point admits a neighborhood
where is defined a local Kdihler immersion into CPY.

Theorem 1.6 (Immersion’s extension, cf. [18] Theor. 11). If a
Kahler metric is defined on a simply connected manifold M then
a local Kéhler immersion f:V < M — CPY can be extended
to a global one. This immersion is also injective if and only if

D(p.q) = 0 only forp = q.
To conclude we recall that Bochner proved in [11] the existence

of a holomorphic coordinate system particularly useful from the
computational point of view.

12 Filippo Salis



PRELIMINARIES

Definition 1.5. For any real analytic Kédhler manifold, there exists
a coordinates system in a neighbourhood of each point, such that

Do(z) = Y, |2al® + s, (1.3)
a=1

where 199 is a power series with degree greater than or equal to 2
in both z and z. They are called Bochner’s coordinates.

These coordinates are uniquely determined up to unitary trans-
formation (cf. [18] Prop. 7) and they also have an interesting
behavior in relation to complex analytic submanifolds.

Theorem 1.7 (cf. [18] Theor. 7). Let S be a k dimensional
(finite) analytic submanifold of a Kdhler manifold M (possibly
infinite dimensional) with a real-analytic metric. A Bochner’s
coordinate system (z1,...,2x) in S can be extended to a Bochner’s
coordinate system (x1, . .. ,ZL‘dim(M)) i M such that the immersion
equation are

{xizzi foro=1,...k (1.4)

;= fi(z) fori=k+1,...,dim(M)

where the power expansion of immersion’s components f; with
respect to z does not contain any term of degree less than 2.

1.3 Kahler-Einstein metrics

A Kihler-Einstein metric g is a Kahler metric such that for a
real constant A is satisfied

Ric(g) = \w, (1.5)

where Ric(g) and w are respectively the Ricci form and the Kahler
form associated to g. We recall that the Ricci form is defined as

(Ric(g))(X,Y) = Ric(JX,Y),

Filippo Salis 13
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for any tangent vector X and Y, where J is the complex structure
and Ric is the Ricci tensor. Moreover, the following expression
holds true for any Kéhler metric

Ric(g) = —iddlog det(g;5). (1.6)

We clarify that throughout this thesis, if g is a Kéhler metric, g;;

stands for g(%, %) and a similar notation will be also used for
i J

Ricci and curvature’s tensor. By formula (1.6), one can easily prove
that the difference of two Ricci forms related to any two Kéhler
forms defined on the same manifold is an exact form globally
defined on this manifold. Thus the cohomology class [Ric(g)] is
independent of the choice of the Kéahler metric and we call

1

:27r

/(M) = —[Ric(g)] € H*(M, R)

first Chern class of the complex manifold M. An algebraic ap-
proach to first Chern class (and the others) can be found in |79,
Chap. 3|, where it is proved, among various properties, that c¢; (M)
actually belongs to H*(M,Z.).

In [20] and |21] Calabi asked whether it is possible to find a
Ké&hler form in each Kéhler class (i.e. cohomology classes of type
(1,1) containing a positive definite form) of a compact complex
manifold M such that its Ricci form is equal to any (1, 1)-form
arbitrary chosen in ¢;(M). Calabi proved in [20] the uniqueness of
this metric, while the proof of the existence (well-known as Calabi’s
conjecture) was provided by Yau (cf. |75] and [77]). This problem
is closely related to that of the existence of Kéhler-Einstein metric
on compact complex manifolds. In fact, if we suppose A = 0 in
eq. (1.5), the existence of a Ricci-flat metric in each Kéhler class
is an immediate consequence of Calabi’s conjecture. If A < 0,
Aubin [5] and Yau [77] proved independently the existence of a
unique (up to homotheties) Kéhler-Einstein metric. Instead, the
case of A\ > 0 is still an open problem, although a great deal of

14 Filippo Salis
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progress has been made (see for instance the results achieved by
Tian in [70]). Furthermore, we have to point out that the interest
in Kéahler-Einstein metrics is not only justified by their relevance in
differential geometry, but also for the important role they play in
algebraic geometry. In fact, in the mentioned Tian’s paper [70] the
author refined considerably a previous idea of Yau, who conjectured
the existence of Kahler-Einstein metrics on manifolds with positive
first Chern class (also called Fano manifolds) related to some
sort of algebro-geometric notion of stability in sense of geometric
invariant theory. Currently, most of the work focuses in this direc-
tion, since it is universally considered the key to solve this problem.

We conclude the present section about Kahler-Einstein metrics
with two lemmas, that will be very useful in the proof of our
results.

Lemma 1.8 (cf. [6] and [24]). Every Kdhler-FEinstein metric is
real analytic.

Proof. The equation 1.5 can be locally rewritten as a fourth-order
nonlinear and overdetermined elliptic PDE for the Kahler potential.
Hence, by using regularity results for elliptic equations we get the

claim (see e.g. |6, Prop. 3.56]). O

Among the various applications, the previous lemma ensures
the possibility of studying Kéhler-Einstein metric via Bochner’s
coordinates and diastasis’ function.

Lemma 1.9 (cf. [1] and [38]). A Kdhler manifold (M, g) is Ein-
stein if and only if by choosing Bochner’s coordinates on a neigh-
bourhood U of any point p € M, the diastasis function Dy(z)
satisfies the Monge—Ampere equation

0’Dy A
det — ¢~ 2Dol®), 1.
© (&zzﬁé) c ( 7>
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Proof. By formula (1.5), by Ricci and Kéhler forms’ definition and
by the 00-lemma 1.1, it follows that there exists a holomorphic
function f such that

2 _
det d D? = ¢ 2@otf+f),
ﬁzi&zj

Therefore, it is easy to check, once Bochner’s coordinates are set,
that the expansion of det (%) in the (z, Z)-coordinates around
U<

the origin reads

?Dy _
det <§zi8zj> =1+ h(z,2),

where h(z, Z) is a power series in z, Z which contains only mixed
terms (i.e. of the form 2™z j # 0, k # 0). Further, also the
expansion of Dy(z), given in equation (1.3), contains only mixed
terms, forcing f + f to be zero. ]

Ezample 1.5 (Complex space forms). We can easily check that
complex space forms (see ex. 1.1, 1.2 and 1.3) are Kéhler-Einstein
manifolds and the Einstein constants of gy, gn,, and gpg are
respectively equal to 0, —2(n + 1) and 2(n + 1), where n is the
dimension of the manifold.

Ezample 1.6 (Taub-NUT metric). In [46] C. Lebrun construct a

family of_Kéther metrics on C?, whose Kihler forms are equal to
Wy = %éﬁq)m, where

®,(u,v) = u® + v* + m(u* +v*), for m >0,

and v and v are implicitly defined by

2 2

21| = €™y, 2| = ey,

For m = 0 one gets the flat metric, while for m > 0 each of the
metrics of this family represents the first example of complete

16 Filippo Salis
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Compact Noncompact
SU(p+q) SU(p.9)
AU st ENORKD)
classical D 11 U(n) U(n)
O1 Sp(n) Sp(n,R)
BD I 5&51@2) s&(&)z)
SO(n)xSO(2) SO(n)xSO(2)

E 111 (66(,78),5010 + R) (26(,14),5010 + R)

exceptional EVIL (e 133,¢6+R)  (er( 25, ¢ + R)

Table 1.1: Classification of irreducible compact and noncompact Hermitian
symmetric spaces.

Ricci-flat (non-flat) metric on C? having the same volume form of
the flat metric wy, i.e. W, A Wy = wy A wy. Moreover, for m > 0,

these metrics are isometric (up to dilation and rescaling) to the
Taub-NUT metric.

Example 1.7 (Hermitian symmetric spaces). A Hermitian symmet-
ric space is a Hermitian connected manifold M such that each
point of M is an isolated fixed point of an involutive holomorphic
isometry. Every Hermitian symmetric space is a Kéahler manifold
that can be decomposed into the Cartesian product of irreducible
ones (cf. [37], which represents the main reference for the present
example). We distinguish three different types of irreducible Her-
mitian symmetric spaces: Euclidean, noncompact and compact,
which are an example of Einstein manifolds with respectively zero,
negative and positive Einstein constant. The Hermitian symmetric
space of Euclidean type are biholomorphically isometric to (C", go).
The irreducible compact and noncompact Hermitian symmetric
spaces have been classified by E. Cartan according to Table 1.1.
An irreducible Hermitian symmetric space of noncompact type can
be regarded as bounded symmetric domain, namely they are biholo-
morphically isometric to an open, bounded and connected subset
of C" endowed with the Bergman metric (we just recall that the
Bergman metric is the Kahler metric related to the global potential

Filippo Salis 17
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Type Description

Ly {Z2€My,(C)|1,—ZZ" >0}, where p < ¢

I, {ZeMy(C)|Z=—27, I,— ZZ" >0}, where n > 4
I, {ZeM(C)|Z=2", I,— ZZ" > 0}, where n > 1
IV, {ZeC"||Z]? <i(1+|ZZ"|?) <1}, where n > 4

Table 1.2: Classification of classical irreducible noncompact Hermitian sym-
metric spaces. I, stands for the identity matrix of order p and I, — ZZ7 > 0
means that the matrix I, — ZZ7 is positive definite.

log K(z, z), where K is the Bergman kernel of the complex domain,
for details and examples about Bergman kernel and Bergman met-
rics we suggest to see the first chapter of [44]). A description of
classical cases can be found in Table 1.2. The exceptional cases
can be instead described in terms of matrices with coefficients in
the algebra of complex octonions Og¢, i.e. C®g O (see e.g. 78]
for details). Furthermore, each of noncompact Hermitian spaces
admits local chart defined on open subset whose complementary
has zero measure and the restriction of the metric is given by a
constant multiple of the potential — log K(z, —z), where K is the
Bergman kernel of a bounded symmetric domain, called dual (cf.
[30]).

Example 1.8 (Cartan-Hartogs domains). Let Q be an irreducible
bounded symmetric domain (cf. ex. 1.7) of complex dimension d
and genus 7, called base of the Cartan-Hartogs domain. On this
base we can construct a family of complex domains depending on
a positive real constant

Ma(p) = {(z,w) e 2 x C | \w|2 < No(z, 2)"},

where the generic norm Ngq is defined from the volume of €2 and
its Bergman kernel K in the following way
1

No = (V(Q)Ko(z, 2)) .

A Cartan-Hartogs domains can be endowed with the Kéhler metric
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g(u) related to the Kéhler potential
~log(Na(z, 2" — [w]?).

They are the example of non-homogeneous complete Kahler-Einstein
manifolds Kéhler immersed in CP® cited in the Introduction. In-
deed, in [78] the authors proved that complex hyperbolic spaces
are the unique homogeneous Cartan-Hartogs domain and also that
for every base Q the Cartan-Hartogs domain (Ma(737), 9(737))
is Kéhler-Einstein and complete, furthermore we can find in [52] a
proof of the existence a Kahler immersion into (CP*, gpg) of each

(Ma(525), Ag(5%5)) for a suitable choice of the real constant A.

1.4 Constant scalar curvature Kahler metrics

A generalization of the problem of the existence of Kéhler-
Einstein metrics on compact manifolds described in the previous
section consists in finding a canonical metric in each Kéhler class.
The best candidate to represent the whole class was proposed
by E. Calabi in [17]|, where he defined an extremal metric on a
n-dimensional compact manifold M in the Kéhler class [w] as a
critical point of the functional (known as Calabi’s functional)

Cal(n) = JM pon”,

where 7 € [w] and p,, is the scalar curvature.

Kéhler metrics with constant scalar curvature (from now on
cscK metrics) are the most important example of extremal metrics.
Although there exist extremal metrics with non-constant scalar
curvature (see e.g. [72], where we can find a construction of a
family of extremal metrics on a particular type of minimal ruled
surfaces), a Kéhler metric is extremal if and only if the projection
of the gradient of its scalar curvature on 7%’ M is a holomorphic
vector field. But most of compact Kahler manifolds does not admit
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non-zero vector vector field, hence in these cases an extremal metric
(if it exists) needs to have constant scalar curvature.

What has been said so far justifies the interest in cscK metrics
in the contemporary research, considering also that many problems
are still open. For further details about mentioned properties and
known results, we suggest to see [10].
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CHAPTER 2

FINITELY PROJECTIVELY INDUCED
KAHLER-EINSTEIN METRICS

Our first result consists in proving Conjecture 1 in case of
rotation invariant metrics with respect to Bochner’s coordinates
and lower codimensions, i.e. when the codimension with respect
to the target projective space is less than or equal to 3. This is
shown in the second section via the following two theorems (cf.
[65]).

Theorem 2.1. The Einstein constant A of a Kdahler-Einstein
rotation invariant and finitely projectively induced n-dimensional
manifold M s a positive rational number less than or equal to
2(n+1). Moreover, M is an open subset of a compact and simply
connected manifold.

Theorem 2.2. Let (M, g) be an n-dimensional Kdhler-Finstein
manifold whose metric is rotation invariant with respect to Bochn-
er’s coordinates. Then (M, g) admits a Kdhler immersion into
CP™* for k less than or equal to 3, if and only if (M, g) is an open
subset of (CP", grs), (CP?,2grs) or (CP! x CP!, grs ® grs).

Instead, in the next section we make some comments on the
content of the above mentioned conjecture.
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2.1 Some remarks

Our results make us suppose the following subconjecture of
Conjecture 1 to be valid.

Conjecture. If a complete Kihler-Einstein manifold (M, g) is
finitely projectively induced and it has a rotation invariant metric
then

(M,g) = (CP™ x -+ x CP™, c1grs @ - - @ ckgrs),
where ¢c; = 2a(nj + 1) forj=1,...,k, and a € Z™.
First of all, we specify that an explicit Kahler immersion of
(CP™ x -+ x CP™, c1gps ® - - - ® crgrs) — CPY,
with N = (") ... ("*%) — 1 can be constructed by a suitable

C1 Ck
normalization of the Veronese and Segre embeddings. Indeed we
can easily prove by using the techniques described in the previous
chapter that the normalized Veronese maps

n+c

(CP", cgps) — (CPUE)1 gug)

(c— 1)![ 2g0 ... 2 ]
\/CO! c. Cn! co+...+cp=c

are Kéhler immersions (cf. |18, Theor. 13]). Then we compose
them with the Segre embeddings

(@Pm x CP™, grg @QFS) N (Cp(n1+1)(n2+1)—1ngS)

([Zi]osisnp [wj]0<j<n2) = [Ziwj](i,j)e{O,...,nl}X{O,...,ng}

[zilo<i<n = =

to obtain the desired immersion.

Moreover, the following examples prove the necessity of the
assumptions for the conjecture to be true both in the compact and
noncompact case and when the Einstein constant is negative, zero
or positive.
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Ezxample 2.1 (finitely projectively induced, rotation invariant and
not Kéhler-Einstein). There exist many examples of such met-
rics. For instance consider CP' endowed with the metric w =
£001og(1+|z*+|z]*) or any products of complex projective spaces
which are not Kéahler-Einstein, such as ((DP1 x CP!, C19rsDCagrs),
with C1 # C9, C1, C9 € 7.

Example 2.2 (noncompact Kéhler-Einstein, rotation invariant and
not finitely projectively induced). The complex hyperbolic space
(CH", gpyp) and the complex Euclidean space C" are two examples
of Kéahler-Einstein and rotation invariant, but not finitely projec-
tively induced manifolds (cf. [18] Theor. 13). A more interesting
example is the Taub-NUT metric (see ex. 1.6). This metric is not
finitely projectively induced as it follows by our Theorem 2.1.

Example 2.3 (compact Kéhler-Einstein, rotation invariant and not
finitely projectively induced). A simple example of compact Kéhler-
Einstein, rotation invariant manifolds which are not projectively
induced is given by (CP", cgrg), with ¢ > 0, ¢ € R\Z. Less trivial
examples (as it follows by ex. 2.2) are the complex 1-dimensional
torus T = C/Z? with the flat metric induced by the metric gq of C
and the Riemann surfaces >, of genus v > 2 with the hyperbolic
metric induced by the metric gp,, of CH'. Indeed ¥, can be
realized as a quotient B/T", where I' is a Fuchsian subgroup of
SU(1,1), which acts on B via Mobius transforms. We can easily
check that the metric gp,, defined on B (cf. ex. 1.2) is invariant
under such action.

Ezample 2.4 (Kéhler-Einstein, finitely projectively induced and
not rotation invariant). It is well-known since the work of Borel
and Weil (see [48] or [68] for a proof) that a Hermitian symmetric
space of compact type (cf. ex. 1.7) admits a Kidhler immersion into
CPY (for further results see also [26]). Moreover, it can be easily
verified by analyzing the reproducing kernel functions of these
domains (see [48] and |26]), that the only irreducible Hermitian
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symmetric space of compact type which is rotation invariant is
biholomorphically isometric to the complex projective space.

2.2 Lower codimensions

In order to prove Theorem 2.1, we need the following lemma
dealing with projectively induced and rotation invariant with
respect to Bochner’s coordinates metrics.

Lemma 2.3. Let g be a projectively induced Kahler metric on a
complex manifold (M, g) and let f : V — CP¥ be the holomorphic
immersion such that f*grs = g. Assume that f is full and g
admits a diastasis Dy on a neighbourhood U of a point p € M,
which s rotation tnvariant with respect to Bochner’s coordinates
21y ..., 2n around p. Then there exists an open neighbourhood W
of p such that Do(2) can be written on W as

n N
Do(z) = log (1 + 1z + ) aj|zmhj|2> , (21

j=1 j=n+1
where a; > 0 and h; # hy for j # 1.
Proof. Up to a unitary transformation of CP? and by shrinking V'

if necessary, we can assume f(p) = [1,0...,0] and f(V) c Uy =
{Zy # 0}. Hence by Theor. 1.7 and Theor. 1.2, one gets

Dy(z) = log (1 + Zn: 2] + Z |fj(z)|2) :

Jj=1 j=n+1
where
0
filz)= > apz™, j=n+1,... N
I=n+1
The rotation invariance of Dy(z) and the fact that f is full imply

that the f;’s are monomials of z of different degree and formula
(2.1) follows. O
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To simplify the notation, from now on we write P, for 0P/0z;,
P;, for 0P/0z;, Pz, for 0?P/0z;0%;, and so on.

Proof of Theorem 2.1. By Lemma 2.3 we can assume that there
exists p € M such that the diastasis around p can be written
as Do(z) = log(P) where P is a polynomial in the variables
121]?, ..., |za]?. By the equality

§2D0(2) o szizj - PZZPE

J

6zi62j P2 7
we have
52D0(Z) P_Pzg — PZPZ
det = det — —
¢ < 82255] © P2
1
= ﬁdet (PPZiEj — PZZPZ) .
Given a polynomial () in the variables zq,...,2,,21,..., 2y, We
denote by deg () the total degree of () with respect to all the
variables z1,...,2,,21,...,2,. Then

deg det (PPZigj — PZinj) < 2ndeg P — 2n.

On the other hand, from Monge-Ampére equation (1.7) we get

A
deg det (szigj — PZinj) —2ndeg P = —5 deg P,

A

which forces § > ds;P > 0. Thus, if M is complete, by Myers’

Theorem, M is also compact. Then M is simply connected by

a well-known theorem of Kobayashi [43]. The final upper bound
A < 2(n + 1) and the extension of M to a complete manifold are
consequences of the following result due to D. Hulin. ]

Lemma 2.4 (D. Hulin [39]). Let (V,h) be a Kdhler-FEinstein
manifold which admits a Kdhler immersion into CPY. Then
it can be extended to a complete n-dimensional Kdahler-Einstein
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manifold (M, g) and the Einstein constant is a rational number.
Further, let this immersion be full and let the Einstein constant
A = 2p/q be positive, where p/q is irreducible, then p < n+ 1 and
ifp=n+1 (resp. n=p=2), then (M,g) = (CP", qgrs) (rep.
(M, g) = (CP! x CP!, grs ® grs) ).

In order to prove Theorem 2.2 we also need:

Lemma 2.5. Let (M, g) be a complete n-dimensional rotation
invariant Kdhler-FEinstein manifold. If n > 2k, (M, g) admits
a (local) Kihler immersion into CP" if and only if (M, g) =

(CP”, gps).

Proof. By Lemma, 2.3 there exist a point p € M and local coordi-
nates z1, ..., 2, around it such that the diastasis function Dg(z)
for g centered at p can be written as

Do(z) = log (1 + )1z + D a4l
=1 j=1

+ ) bjlzj221|2+@/}3,3>,

1<y<i<n

where 133 is a (rotation invariant) polynomial of degree not less
than three both in z and in z. For h = 1, ..., n, differentiating
with respect to z;, and z;, both sides of the Monge-Ampére equation
(1.7) and evaluating at 0, i.e. by considering the n equalities for
h=1,...,n

2 2 2 N .
&zj&zh (det (aaz.—(za(jw - &zf&zh (e#2) ],

we get n equations of the form

4 A
4ah+2bhl—(n+1):—§, (h=1,...,n), (2.2)
=1
l#h
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in which b;; = bj;. Thus, if the codimension of M into CPYV is
k < n/2, at least one of these equations is of the form A = 2(n+1),
because the polynomial P consists of only n + & + 1 monomials,

and then at most k of the variables {a;, b;;}1<i<n can be different
1<j<n

from 0. Therefore the claim follows by Lemma 2.4. [
We are now in the position of proving Theorem 2.2.

Proof of Theorem 2.2. By virtue of Lemma 2.4, we can consider
directly the case where (M, g) is a complete Kéhler-Einstein pro-
jectively induced and rotation invariant manifold.

By Lemma 2.3 there exist a point p € M and local coordinates
21, ..., 2, such that the diastasis function Dy(z) around p can be
written as

Do(Z) = IOg (1 + Z |Zj|2 + Z aj|zj|4 + Z bjl|zj|2|zl‘2
i=1 =1

1<j<i<n

n n
ICIE DY djl|Zj|2|Zz|4+¢4,4),
j=1

Jl=1(3#1)

where 1044 is a rotation invariant polynomial of degree not less
than four both in z and in z. If & = 0, we have Dy(z) =
log(1 + X7 |2]%) and (M,g) = (CP",grs). The statement
holds by Theorem 1 in the Introduction for those cases where the
codimension is equal to 1 or 2. Thus let £k = 3. By Lemma 2.5,
the statement is true for n > 6. Here we need to analyze the cases
n < 6 separately.

Consider the case n = 2. As in the proof of Lemma 2.5, for
h = 1,2, by differentiating with respect to z;, z; both sides of the
Monge-Ampére equation (1.7), and evaluating at 0 we get the 2
equations

4a1—|—b12=3—%,
4a2+b12:3—%,
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from which follows immediately a; = as and byo = 3 — % — 4ay.
If aj = ay = by = 0, we get A = 6, and by Lemma 2.4 (M, g) =
(CP?, grs). If a1 # 0, bya # 0, since the codimension is 3, all the
other coefficients must vanish, thus by differentiating both sides
of the Monge-Ampére equation (1.7) by z1, 21, 29, Z2, and twice
by z1 and Zz;, evaluating at zero, we get a system whose unique
acceptable solution is bjy = 1/2, a3 = 1/4 and A = 3, that is
(M, g) = (CP?, 2grs). If a; # 0 but b2 = 0, by differentiating
again both sides of the Monge-Ampére equation (1.7) by 21, Z1,
29, Z2 and evaluating at zero and at A = 2(3 — 4a;), we have
4ay + 4dis + 4ds; = 0, which is impossible, since a; # 0 and all
the coefficients must be non-negative. It remains to consider the
case big # 0, a1 = as = 0. By differentiating the Monge-Ampére
equation twice by z; and twice by z; (for j = 1,2), evaluating
at zero and at a; = as = 0, byp = 3 — %/\, we get dis = 9¢; and
ds1 = 9¢9. Since the codimension is 3, only two of them can be
different from zero. If they are all zero, we get A = 6, and by
Lemma 2.4 (M, g) = (CP?, gps) or A = 4, and again by Lemma
2.4 (M,g) = (CP! x CP!, grs @ grs). Let us suppose that two of
them are different from zero, say dio # 0. Then all the terms of
higher order vanish, and taking the third order derivative we get
again A =6 or A = 4.

The case n = 3 is very similar to that one. The system given
in the proof of Lemma 2.5 reads

day + bio + bz =4 — 3,

das + bio + by = 4 — 3,

dag + bz + byy = 4 — 3.
It is easy to see that only three cases do not reduce immediately to
(M, g) = (CP?, grg), that is, a; = ay = ag # 0, or a; = boz # 0
(and all the symmetric to them), or bja = bog = b1z # 0. By taking

the second order derivative of the Monge-Ampére equation and
evaluating at zero, it follows that these cases are incompatible.
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If n = 4, it easy to see from the system of linear equation

(day + b1 + big + by = 5 — 2,
das + bia + bag + by = 5 — 3,
daz + biz + bog + bgs = 5 — 3,
| 404+ biy + by + b3y = 5 — 3,

that, up to symmetries, only the following cases may occur: all the
coefficients are equal to zero, a1 = as = b3y # 0 or bjs = bgy # 0.
In the third case, without loss of generality, we suppose that
dog = d3o = 0. Therefore if the second or third case holds, by
differentiating both sides of the Monge-Ampére equation with
respect to 29, 23, Zs, Z3, evaluating at zero, and considering the
relations above, we get bs; = 0 and the conclusion follows.

The cases n = 5 and n = 6 are very similar to that one. For
n = 5, by the system of linear equation either the coefficients of
the system are zero or up to symmetries 4a; = byg = by5 # O.
Differentiating with respect to zo, 24, 2o, Z4 the Monge—Ampére
equation and evaluating at zero, one gets by = 0. For n = 6, from
the system of linear equation, one gets that either the coefficients
are all zero or b1y = bgy = bsg # 0. By differentiating with respect
to 29, 24, Z2, Z4 and evaluating at zero, one gets b3y = 0, and we
are done. ]

Filippo Salis 29



FINITELY PROJECTIVELY INDUCED KAHLER-EINSTEIN METRICS

30

Filippo Salis



CHAPTER 3

PROJECTIVELY INDUCED RICCI-FLAT
METRICS

In the current chapter we prove the Conjecture 2 by assuming
that the metric involved is stable-projectively induced and restrict-
ing ourselves to radial Kahler metrics. This is shown in the second
section via the following (cf. [51]).

Theorem 3.1. The only Ricci-flat, stable-projectively induced and
radial Kdhler metric is the flat one.

In the next section we introduce the definition of stable-projectively
induced metrics and we make some general comments about them.

3.1 Stable-projectively induced metrics

In the noncompact case the structure of the set of the positive
real numbers A € R* for which the multiple A\g of a Kéahler
metric g is projectively induced is in general less trivial than
in the compact case, where it is always discrete since the well-
known Kodaira’s embedding theorem state that a compact Kéahler
manifold is projectively induced if and only if its Kéahler form
belongs to a cohomology class in H*(M,Z) (cf. |79, Chap. 6]). In
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the noncompact symmetric case, one has for example the following
(see also [50] for the more general case of bounded homogeneous
domains).

Theorem 3.2 (cf. [52] Theor. 2). Let Q be an irreducible bounded
symmetric domain endowed with its Bergman metric gg. Then
there exist a positive real number a and an integer k (both depending

on ) such that (Q, Agg) admits an equivariant Kdihler immersion
into CP® if and only if A belongs to the set

{a,2a,... ka} v (ka,+00).

From this theorem it follows that the only irreducible bounded
symmetric domain where \gp is projectively induced for all A > 0
is the complex hyperbolic space. More generally, for a homogeneous
bounded domain (€2, g) we have that A\g is projectively induced
for all A > 0 if and only if (Q2,g9) = CHY' x --- x CH,", where
(DH;L; = (CH", \jgnyp) (cf.|25] Theor. 4). Inspired by these
results, we give the following.

Definition 3.1. A projectively induced Kéahler metric g is said to
be stable-projectively induced if there exists 6 > 0 such that \g is
projectively induced for all A € (1—6,1+4). A projectively induced
Kéhler metric is said to be unstable if it is not stable-projectively
induced.

FExample 3.1. The flat metric gy on the complex Euclidean space
C" is stable-projectively induced by the map (cf. [18])

(Cn’ 90) - (CPooa gFS)

1 ,
Z (, —zmj,...)

Consequently, many examples of stable-projectively induced met-
rics can be constructed on those complex manifolds M which admit
a holomorphic immersion into C" (e.g. Stein manifolds) by simply
taking the restriction of the flat metric gy to M.
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Obviously a Kéahler metric on a compact complex manifold is
always unstable and Theor. 3.2 shows that there exists metrics g
which are unstable-projectively induced, but they become stable-
projectively induced by multiplying them for a suitable constant.

3.2 Proof of Theorem 3.1

As already mentioned, we are going to study metrics which
admit a Kéhler potential ® : U — R that depends only on the sum
of the local coordinates’ moduli. Namely, there exists f: U — R,
U < R*, such that

f(r)y=®(2), z=(21,--,2n), (3.1)
where
U={r=|z2= |2+ +|z)? | z€ U}.
Therefore, one can easily classify all the Ricci-flat metrics which

also satisfy this further condition as shown by the following well-
known result (cf. [16]).

Lemma 3.3. Let U be a complex domain of C" equipped with a
radial Kahler Ricci-flat metric g. Then there esist A € R* and
e = —1,0,1 such that the function f : U — R defined by (3.1)

has the following expression

flr) =\ f (er™" + 1)wdr. (3.2)
Proof. Being g Ricci-flat, its Ricci form vanishes, namely
= 2P
00 log det =0 3.3
et < Zﬂ?Zj) 83)
where
fl + f”‘Zl‘Q f”leg . f”ilzn
0*d . f”§221 f/ + f”|22|2 .. f”ZQZn
fIIanl fllznZQ o f/ + f”‘zn|2
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Thus, one easily sees that

52(1) nn—1/ ¢/ "
det (505 ) = (1Y + 1),

If we denote ¥(r) = log det ( 02-2(;1,)2«»>7 equation (3.3) is equivalent
to the following equations

0>
— =U"z2; =0 (i # j),
82202]- J
62\:[1 / " 2 .
8,202-:\1/ +Uzc =0, (i=1,...,n).

This yields ¥/ = 0, i.e.

log ((f/)n—l(f/ + f”?“)) = ¢,

for some constant c.
Setting £ = (f')" and ¢ = e > 0, we get the following linear
ODE in &

g =—"Eri.
r r
Therefore, one finds
E=Cr"+¢
that is
ff=(Cr " +¢o)n
and then the general solution is
f(r) = J(Cr_” + 5)%dr, CeR,é¢>0, (3.4)
which is equivalent to (3.2) after a change of variables. O

Remark 3.2. It is known that the metrics corresponding to the
Kéhler potentials (3.2) are non-complete and non-flat except in
the case of the Euclidean metric (¢ = 0).
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Unlike the case in which the origin is contained in the domain of
definition of a radial diastasis, it is more difficult to apply Calabi’s
criterion (cf. Theor. 1.3), because the matrix b;; coming from
the power expansion of eP»(*) — 1 around p, is not diagonal (see
e.g. |54] for the case on which the origin is contained). Hence the
following lemma is the key ingredient for the proof of our results.

Lemma 3.4. Letn > 2 and p = (u,0,...,0), withue R, u # 0,
be a point of the complex domain U < C™"\{0} on which is defined a
metric g with radial Kdhler potential ® : U — R and corresponding
diastasis D, : U — R. Let f : U — R defined by (3.1) and, for
helN, let gy, : U—> R be given by:
dhef (™)

drh
Assume that the entries of the following infinite times infinite
matrix

gn(r) = e 1), (3.5)

(3.6)

oiti D,(z) 2
(det( (™ gn(] ))> )
02407] 0<i,j<l/ 1,helN
are positive when evaluated at p. Then the metric g s 1-resolvable
at p of infinite rank.

Proof. Let z = (21,22,...,20) = (21,2.), let m; = (m},m}) €

IN x N"~! and let D,(z) be the diastasis function. We observe
that if m; # m? then

maf+m,|
o (er<2> - 1) ‘ — 0. (3.7)
p

0zMi 0z
In fact, by definition of diastasis, D,(z) is the the sum of the
Kéhler potential f(]|z]?), the constant f(u?) and the real part of a
holomorphic function which depends only on z; and which is equal
to —2f(u?) if evaluated at u. Therefore

olmil+m;l (o Dp(2) _ il +m; o m;|
(e 1) _ 0 20 eDp(2)=f d ol ‘ _
dx|mj| P

ml ~_m}l m* ~_m? - ml ~_m} mF
Oz '0Z) 0z 0% P 02y '0Z; 70z "
(3.8)
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From which we can deduce obviously (3.7) and also

plml+m3]

T (ePrle) ) ‘ — ! :

- —le™? 1 = m.!g,(u”). 3.9

01" 02" ( p = Tt () 89)
With the order of multi-indices m;’s set at page 11, namely

mo = (0,...,0), |m;| < |mjz1] for all positive integers j, if |m;| =

imj| and m; > m; then i < j, the square submatrix Ej, of

1 Qlmal+lmyl
b = ( Dy(z) _ 1)
I iyl ozmiazm \©

p

relative to multi-indices m; such that |m;| < h assumes the follow-

( ’%" gh ) (3.10)

where Aj, is the square matrix relative to multi-indices m; such that

ing form

Im;| < h or |m;| = h and m} # 0, while D, is the matrix relative
to multi-indices m; such that |m;| = h and m] = 0. Therefore,
eq. (3.7) explains the null blocks in (3.10). Moreover, since if
m; # my, |my| = |m;| = h and m} = m; = 0 then mj # m}, it
follows again by eq. (3.7) that Dy, is diagonal (and the entries on
the diagonal are described by (3.9)). Now, if every matrix Ej, is
positive definite, namely if for every positive integer h the matrix
Ay, is positive definite and the entries of D, are positive, the metric
examined is 1-resolvable at p of infinite rank.

Since we obtain the entries of Dj;, by multiplying g;(u?) for a
positive constant, these are positive for every integer h if and only
if the entries of the first row (I = 0) of the matrix (3.6), given by
ePr2 g, h=0,1,..., are positive.

Now we consider the matrix A,. We are free to change the
above arrangement of the multi-indices m;’s, because this has just
the effect to apply the same permutation to both rows and columns
of the matrix, and then yields a similar matrix, which is positive
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definite if and only if the original one is. Thus we change their order
as follows: |m}| < |mj,,| for all positive integers j, if |m}| = |m]|
and m; precedes m;

or if m{ = mj and m

with respect to the lexicographical order
i < mj then m; < mj;. Then, after the
corresponding rows and columns exchanges on A; and by using
(3.7) we obtain a block matrix of the following form:

(]\géz () 0 \
' MIZL*I .
: T 0

\ 0O - ... 0 M;;L_lj

where M ﬁn »| are the square matrices related to fixed norm multi-
J
indices. By virtue of (3.7) M(fﬂ « are themselves block matrices
J

and, by (3.8), each block is equal to a suitable positive constant

multiple of
1 ai—i—j .
(W — (epp< )gm;)>

Therefore, by using Sylvester’s criterion, if the entries from the
second row onwards of the matrix (3.6) are positive, Ay, is positive
definite for every integer h. ]

0<i, j<h—|m?|

Corollary 3.5. Under the same assumptions of Lemma 1.3, if
there exists r € U and h € IN such that the function given by (3.5)
is negative, namely g (r) < 0, then the metric g is not projectively
induced.

Now we are in the position to prove our result.

Proof of Theorem 3.1. Let us denote by w,. the Kahler form cor-
responding to the potential (3.2) with A = 1, namely

. = %aéfg, (3.11)
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where
£(r) = f(sr_” F1)kdr, e = —1,0,1. (3.12)

Notice that w. is flat either for n = 1 or ¢ = 0. We will show that
for n > 2 we have the following:

(a) Aw_1 is not projectively induced for any A € R*;
(b) Awq is not projectively induced for any A € R*\Z.

Then the proof of Theorem 3.1 will follow by the very definition
of stable-projectively induced metric.

A simple computation shows that the function g3(r) (namely
(3.5) for h = 3) for the potential f = Af_; is given by:

TS

NG s <)\2(r” B A 1) <r"(n—|— 1) — 2)) .

Hence, one has lim,_,1+ g3(r) = —o0 and the proof of (a) follows
by Corollary 3.5.

In order to prove (b) we first show by induction that the function
gn(r) for the potential f = Af; is given by:

h—1
A <( PTG =) + gohmr) . (313)

h
r )

where p, € C*([0, +00)). This statement is trivially true for g,
because it is equal to %(r" +1)/". The functions g, can be defined
recursively as

Ght1 = G, + 919,

where g; = f’. Hence

A T (i
ghﬂzm((r —|—1)1/ H()\(r +1)1/ —])+90h+17“);

J=1
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with ¢p41 equal to

d h—1 .
(0" ) TT (e + 1) =)
j=1
+ (1= h+ A"+ DY) op +

and (3.13) is proved. Therefore, if A € R*\Z

lim gpj+2(r) = —o0,
where |A| denotes the integral part of A\. Thus, Corollary 3.5
implies (b) and this concludes the proof of the theorem. O]

Remark 3.3. We are able to extend the proof of (b) also for some
fixed integer values of A\ with a case by case analysis. For example
when A = 1 one obtains the following table which expresses gj(r),
for suitable values of r, depending on the dimension n of the
domain, for n = 2, 3,4, 5:

r hon gn(r)
17 2|~
3/4 5 3| ~—2.81
3/4 5 4| ~-10.3
6/5 4 5| ~—0.14

Moreover, for any n, we have:

1-3n

g1(1) = 257 (8(27)% — 24(27)? + 30(2%) — 15 + 8n2" — 9n)

which is seen to be negative for n > 6. We believe (in accordance
with Conjecture 1) that Awp is not projectively induced for all
integer values of A even if we are not able to provide a general
proof.
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Remark 3.4. For n = 2 and € = 1 one can explicitely express a
Kihler potential for the Kihler metric w; on C%\{0}, namely

fi(r) = V1?2 + 1+logr—log(1+vr2 + 1), r = \zl|2—|—|22|2 (3.14)

If M denotes the blow-up of C? at the origin and E denotes the
exceptional divisor, one can prove (see [29]) that there exists a
complete Ricci-flat and ALE (Asymptotically Locally Euclidean,
see page 57 and references therein) Kéhler metric on M whose
restriction to C*\{0} has Kéhler potential given by (3.14). This
metric is known in the literature as the Eguchi-Hanson metric and
denoted here by grg.

Therefore as a byproduct of our analysis one gets that the
Eguchi-Hanson metric gy is not projectively induced.

Notice that if one will be able to prove that Aggy is not projec-
tively induced for all A > 0 (in accordance with our conjecture),
this will provide an example of Ricci-flat and complete Kahler
metric which does not admit a Kahler immersion into any finite
or infinite dimensional complex space form (the reader is referred
to |54] for details related to this issue).
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CHAPTER 4

LTHE TIAN-YAU-ZELDITCH COEFFICIENTS

After giving Tian-Yau-Zelditch coefficients’ definition in the
first section, in second one we prove our last main result:

Theorem 4.1. The third Tian- Yau-Zelditch coefficient of a radial
cscK metric is constant if and only if the second one is constant.

This theorem allows us to prove the validity of the Conjecture
3 in the case of radial Kahler metrics on complex surfaces.

Theorem 4.2. A Ricci-flat radial Kdhler metric defined on a
complex surface such that the third Tian-Yau-Zelditch coefficient
vanishes s flat.

4.1 The Tian-Yau-Zelditch expansion

Let L be a Hermitian line bundle over a n-dimensional Kahler
manifold M whose Kéhler form is w. We recall that a Hermitian
bundle is a holomorphic vector bundle 7 : £ — M endowed with
a family of Hermitian inner products h smoothly varying on its
fibers (namely h € I'(E* ® E*)). In particular, a Hermitian line
bundle is a Hermitian bundle of rank 1.
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Let us assume that w is polarized with respect to L, namely
the Ricci form Ric(h) related to the Hermitian metric h satisfies

Ric(h) = w. (4.1)

Cohomological argumentations allow us to prove that such a Her-

mitian line bundle exists (and is unique up to isometries) if and
only if s-w is integral, i.e. 5-[w] € H*(M,Z) (cf. [79, Chap. 3]).
Moreover, notice that a formula similar to (1.6) holds true also
for the case of Hermitian line bundles and it can be easily proved
via a direct computation by considering that in this case Ric(h)
coincides with the (1, 1)-component of the curvature of the Chern
connection. We recall that the Chern connection on a holomor-
phic bundles is the unique connection compatible with both the
hermitian metric and the complex structure (see e.g. [61, Chap.
4]).

In analogy with the quantum mechanics terminology, if m is
a positive integer, L™ := L®™ is called the quantum line bundle,
the pairs (L™, h,y,) is called a geometric quantization of the Kéhler
manifold (M, mw), where the Hermitian metric h,, is defined as

hip (@0, ®"0) = h(o, o)™

if o : U — L\{0} is a trivializing local section for L. Consider the
separable complex Hilbert space H,, consisting of global holomor-
phic sections of L™ whose norm is bounded with respect to the
Hermitian product

n

(5, D = f )
M n.

Notice that, if M is a compact manifold JH,, coincides with the

space of global holomorphic sections, instead if M is noncompact

H,,, may even contain just the zero section. If H,, # {0}, we choose

an orthonormal basis (so,..., sy, ), where dim(H,,) = N,,, + 1
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may even be infinite if M is noncompact, and we globally define
the following smooth real-valued function

Nm,
Emg = Y, hn(s),5). (4.2)
=0

We call it distortion function (cf. [42], [40], [82]), but we specify
that it is also known in literature as n-function (see [63]) or 6-
function (see [12]).

Lemma 4.3. The distortion function does not depend on the
choice of the orthonormal basis of H,,.

Proof. Let g € L"™\{0} be a fixed point of the fiber over x € M. If
one evaluates s € H,, at x, one gets a multiple J,(s) of ¢. We can
prove that the functional ¢, : H,, — C is continuous and linear

(see e.g. [12]). Hence, from Riesz’s theorem there exists a unique
e, € H,, such that

0q(s) = <5, €4 )m
for every s € H,,. Thus, every element s; of an orthonormal basis
of H,, satisfies

si(z) = (s, egn>mq. (4.3)
By substituting (4.3) in (4.2), we get

5mg(gj) = hm(Qa Q)<€ZL7 egl>m-
Hence, we have the independence of the choice of the basis. [

The name of “distortion function” finds justification in the
following quantum-geometric interpretation. Let us suppose that
there exists a sufficiently large integer m such that for every point
of M we can find an element of H,, which does not vanishes at
this point. For example, in the compact case Kodaira’s theory
guarantees the existence of such an m (see e.g. [79, Chap. 6] for
a complete description of Kodaira’s result). Therefore, we can
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use the basis (s;)o<j<n,, of F,, to construct a holomphic map
(called coherent state map) from M into CPY=. Indeed, if o is a
trivializing local section of L, for every j we can find a holomorphic
function f; such that a suitable restriction of s; is equal to f; ®" o
and we can easily prove that

Om : M — CPVm
z e Lfolz), .. [, (2)]

is globally well-defined. By considering that ¢} wrg reads locally

. —_ Nm . .
as 500 log (%), we get

Oy Wps = mw + %59 log /- (4.4)

Therefore, balanced metrics, namely polarized metrics whose dis-
tortion function is constant, play a particularly important role
since in the compact case they are the unique projectively induced
metrics via coherent state map. Nevertheless, any polarized metric
on a compact complex manifold is the C*-limit of normalized
projectively induced metrics M, as conjectured by Yau and
proved by Tian (|71]) and Ruan (|64]). Then, Catlin ([22]) and
Zelditch ([81]) independently generalized the Tian-Ruan theorem
by proving the existence of a complete asymptotic expansion for
the distortion function related to any polarized metric defined
on compact complex manifold. Unfortunately, we have not an
analogous general theorem for polarized metric on a noncompact
manifold. As a partial result in this direction we can cite M. En-
glis [31], where he proved the expansion’s existence for the case
of strongly pseudoconvex bounded domains in C" with real ana-
lytic boundary and for bounded symmetric domains endowed with
Bergman metric. Furthermore, X. Ma and G. Marinescu proved its
existence under some boundedness assumptions of the curvature

of the bundles involved (see |59, Theor. 6.1.1]).
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This asymptotic expansion

Emg( i (4.5)

is called Tian—Yau—Zelditch expansion and it means that for ev-
ery compact subset H of M there exists a positive constant cﬁ
depending on the subset H and on two positive integer constants
[ and r such that

l C{,{r
€mg Z o omltl’

where ao(z) = 1 and aj(:z:), j =1,... are smooth functions on M
depending on the curvature and its covariant derivatives at x of
the metric g. In particular, Z. Lu [56] for the compact case and
M. Englis [32] for the noncompact case computed the first three
coefficients:
() = L
as(z) = sAp + 24(|R\2 4|Ric|* + 3p )
as(x) = IAA,O + 5 divdiv(R, Rlc) sdivdiv(pRic)

AR ARicP +8%) + Lp(g? — 4[Ric]? + | RP)
\ +i(03(Ric) — Ric(R, R) — R(Ric, Ric)),

A

(4.6)
where p, R, Ric denote respectively the scalar curvature, the
curvature tensor and the Ricci tensor of (M, g), and we are using

the following notations (in local coordinates z1, ..., z,):
/ dp 0
|D P|2 = gﬂag aZpJ_

|D'Ric|? = g‘“gﬂg”’meU lecan
ID'RI* = ¢°'97°g7 " 5 Rijuq R
div div(pRic) = 2|D'p|? + gﬁZgJO‘Rlcm 62626[; + pAp,
div div(R, Ric) = gBZgJO‘RlcU e a, — 2|D'Ric/|?
+9°g"% g% g" Rz 11 Rsasy — R(Ric, Ric) — o3(Ric),
R(Ric, Ric) = ¢*gifgrkg " RijuRicsaRicss,
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Ric(R, R) = g“'¢? g7 ¢"P g Ric;; R3mpg Riacss

L. 4.7
o3(Ric) = g&gjo‘ngicinicaBRicvg, (4.7)

where the gﬁ’s denote the entries of the inverse matrix of the metric
(i.e. gkggﬁ = 0r;) and “ ,p” represents the covariant derivative in
the direction a_i,, and we are using the summation convention for
repeated indices. The reader is also referred to [49] and [47] for
a recursive formula for the coefficients a;’s and an alternative
computation of a; for j < 3 using Calabi’s diastasis function
(see also |74] for a graph-theoretic interpretation of this recursive
formula).

Therefore, the study of elliptic PDEs a; = f (in [57| Z. Lu and
G. Tian proved their ellipticity), where 7 > 2 and f is a smooth
function on M, makes sense regardless of the existence of Tian-
Yau-Zelditch expansion and so given any Kéhler manifold (M, g)
it makes sense to call the a;’s the T'YZ coefficients associated to

metric g.

4.2 Radial metrics

Before proving our result, we summarize for the reader’s conve-
nience the content of a recent paper written by Z. Feng, because
some techniques developed there will be resumed later.

Theorem 4.4 (Z. Feng [34]). The only radial Kdhler potentials
defined on a complexr domain of dimension n which have constant
first and second Tian-Yau-Zelditch coefficient are

1. the Fuclidean metric,

2. constant multiple of the hyperbolic metric defined on B,
A

3. constant multiple of the Fubini-Study metric.
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Moreover, if n = 2

4. |z]* + Mog |z|> on C*\{0},
5. plz]? — Mog 2] on CA\B3,

)

6. —p(log(1 — £|z*) + 5> log |2|?) on 32 \B (D5

=

7. —p(log(1 — &[zP+Y) — Flog ) on Bl MO,

8. pu(log(1 + &|z|2AD) 4 22 160 |2|%) on C*\B? )

()25 ™1

9. u(log(1 + |2]72) + Zlog [2]?) on CA\{0},
10a. —p(log(—log|z|* + k) + M) on B2, \Ben 2,
log |z w2
11a. — (log | cos(Alog |z|? + k)| + g' | ) on le(hﬁy\)\Bm(hﬁ’A),

orifn =1

10b. —plog| — log |z]* + k| on C\(0Bex U {0}),
11b. —plog|cos(Alog|z|* + k)|, on 3r1(hﬁ’A)\§r2(h,m\).

Where of B)' denotes the ball of_mdz'us rin C" (cf. ex. 1.2), 0B
denotes the boundary of B, B = B 0B, u, N\ C e RY,

0<(<1,keR, helZ, rl(h K) —ex(ZhT+17r ) ro(hy K, N) =
e/\(Qthﬁ %) and 7’3(}1 K /\) _ 6/\(h7r+arctan(%\)—/-a).
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Proof. Let 2®(log ) be a Kéhler potential defined on a radial com-
plex domain of complex dimension n, where r = |22+ ... + |2,]*.

Firstly, we classify Kahler metrics related to such kind of poten-
tials which have constant scalar curvature (namely a; is constant).
By definition, the metric tensor reads as

_ *®(logr) " — 9 P’

o _ Zi2i 4+ —0ys, 4.8
ng azzazj 7,2 ZZJ + r J ( )

where d;; is the Kronecker delta and @' represents the first deriva-
tive of ® with respect to

t =logr.

Since Riemannian metrics are positive definite, ®” needs to be a
positive function. Hence we can consider the following substitutions

{y@ﬁ%
P(y) = @"(2).

From eq. (4.8), we easily get

@’ n_l(I)"
det (g5) = V2"
r
By considering that
d (D// @I/I w
%((n —1)log @ + log ®") = (n — 1)5 57 = (n — 1)5 +
we introduce the further substitution
n—1,/,\/
y V(Y
o) = L )y,
Y (Y
and we compute the Ricci tensor’s components:
_ 02 log det (gij) —dy+o—n_ n—o
RlCZ-j = — aZiagj = 2 ZiZj + Téij, (49)
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to be in the position to represent the scalar curvature as a function
of y:

—1 —1)o+ o
p = ngRiCij — n(ny ) . (n ); O-y‘

Thus we reach our initial objective by solving the ODE obtained
by imposing p to be constant, namely

n(n—1) (y"'4)"

— = —An(n + 1),
Y ynt ( )
whose solutions are
B C
U(y) = Ay* +y + = + ST (4.10)

where A, B,C € R.

Now, we determinate which conditions have to be satisfied so
that the previous metrics also verify the PDE

as = K, (4.11)

where K is a real constant.

We are going to represent the first term in the previous PDE
(see eq. 4.6) as a function of y, 1¥(y) and its derivatives, in order
to convert it to an ODE.

Riemann tensor’s components R;z; are by definition equal to

00 opa00i 0 A
aik%% —gP q%’:%. Therefore, the following derivatives (cf. eq. 4.8)
J J
0g.7 " _ P’ _ _ "_aml ’ _
% =2 T2¢> (5klZi + 5ilzk) + q’iﬂ#zw;zk
0 97 Y " _6P" +113" —6D' — _
Gamos = (0k10ij + 0i1dkj) + 5 Zizj 2%k
@///_3®/I+2(p/ _ _ _ _
+ r3 (6k‘jzizl + 5]<;le21' + (SileZk + 6ijzlzk)

(4.12)
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allow us to state that the unique (up to consider tensor’s symme-

tries) nonvanishing components in (21,0, ...,0) are equal to
Rini1 = ;:2 -
Ry = 5, (4.13)
Ry = 2Ry;5 = 24,

where ¢ # j and 7,7 # 1. By taking into account the invariance of
| R|? under the action of the unitary group, we can use Riemann
tensor’s components of formula (4.13) and the metric tensor’s
components evaluated in (z1,0,...,0) (cf. eq. 4.8) to get the
general formula

RI? = (¢")'(Rinn)? + 4(n — 1)(g")%(6")*(Ri1ir)?
+(g) (482 (R )2 + (0 — 1) (Rig)?)  (4.14)

1177

o 2
= ("2 + 4(n — 1)(—¢ gg w) + 2n(n — 1)(%) .
Similarly, we compute

[Ric]* = (9")*(Ric)* + (n —21)( 9" (Ricg)”
= (o) + (n—1)(%")".

Therefore the equation (4.11) is equivalent to
Iy — b 2 N2
4(n — 1)(‘” . ¢) 4 2n(n — 1)(‘” )

Y
~4((@P+ (-1 (T=7)) + @)
= 24K — 3A%n*(n + 1)

(4.15)

Yy
By imposing in the previous ODE, 9 to be equal to the solution
(4.10), we get

(n—1) <ZBC’n2y_2”_1(n + 1) + C?ny~ 20t (n 4 1) (n + 2)
+ B2y~ (n + 1)(n — 2) + A%n(n + 1)(3n + 2)) _ UK =0,
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Hence, the previous equation holds true if and only if

C=B=0, K=Ann+1)(n—1)3n+2)/24 ifn=>2
C=0, K=2A2 ifn=2
K=0 ifn=1

namely, by definition of ¥ and y and by renaming the constants
for more convenience, one gets

a(®')? + @' if n =2,
" =2a(d)+d +c ifn=2, (4.16)
a(®)? +bd +c ifn=1,

Let suppose that a # 0. Therefore

P"(t) = a ((cb’ + %)2 + 2 — 4b—;> : (4.17)

We distinguish now three different possibilities.

In the first case, we suppose that £ — % = —D? where D € R™.
By solving this ODE, we get
b
(I)’(t) + % D _ feQaDt
O'(t)+L+D ’

where £ € R*. Thus we have to distinguish two further different
cases. The first one occurs when ®' + % —D<0<d + % + D,

hence
ge2aDt b D— 24
d'(t)=——— [ D+ — 7 2
) ge2aDt 41 - 2a - ge2aDt 4 77
namely
1 2aD b
d(logr) = —— [ log(1 + &r°*") + 5 Da ) logr | .
a
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Since ®” > 0, then a < 0. If n > 2, also ®' has to be positive by
definition of Kéahler potential. This condition is trivially satisfied if
n > 2, while if n = 2 it is equivalent to (2aD + 1)&r?*P > 2aD — 1.
Moreover, if n = 1, we recall that d0logr = 0.

Otherwise we consider the cases where @' + % —D>0o0r 9+
% + D < 0. Therefore

€e2aDt b D — b
dt)=-——>  |[Dy+ ) - — 20
(t) §€2aDt —1 + 2a 562aDt _ 1’

namely

1 b
O(logr) = - (log 11— &r2eP| + (5 — Da) logr) :

Since ®” > 0, then a > 0. If n > 2, also ®’ has to be positive. This

TS - : e ¢.2aD 2aD  1-2aD
condition is satisfied if and only if {r**” < 1 and §r™*" > 555
ifn =2

. 2 . .
Now we consider & — % = (. This case may occur only if n = 1

or n = 2. By solving the initial ODE (4.17), we get
1 b
d(logr) = ——log|logr + k| — —logr,
a 2a

where k € R. Since ®” > 0, then a > 0. If n = 2, also ®' has to
be positive, hence —2 — k < logr < —k (in this case b = 1).

Finally we suppose & — % = D?. Also this case may occur

only if n = 1 or n = 2. By solving the initial ODE (4.17), we get
1 b
d(logr) = ——log| cos(aDlogr + k)| — — log,
a 2a
where xk € R. Since ®” > 0, then a > 0. If n = 2, also ®' has to be

positive, hence = (arctan(si5) +hr—k) < logr < (2 +hr—k),
where h € Z.
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To conclude we have to consider that a may also be equal to 0,
hence we have to solve

d"(t) = bd' + c.
If b#0, we get
¢
b

If n > 2, ® has to be positive, hence &r? > 7. This condition
is always satisfied if n > 2, since ¢ = 0. Moreover ®” is always
positive.

Instead, if b = 0 (this case may occur only if n = 1), we get

1
d(logr) = ﬁfrl’ — —logr.

®(logr) = ¢ log r 24 klogr,
2

which is the Euclidean metric (already considered in the previous
case). O

Remark 4.1 (Simanca’s metric). Beyond the Euclidean metric, the
unique scalar flat metric in the statement of the previous theorem
are the ones related to the potentials (4) and (5), as it can be
deduced from the proof. Among them, we recognize the remarkable
example of the Simanca’s metric. In [66] Simanca constructs a
scalar flat (non Ricci-flat) Kéhler complete metric on the blow-up
C? of C? at the origin, whose Kahler potential on C2\{0} is equal
to the potential (4) for A = 1.

Now, we propose the classification of the cscK radial metrics,
whose third TYZ coefficient is constant.

Proof of Theorem 4.1. As in the proof of Theor. 4.4, we are going
to represent the first term in the following PDE

as = K, (418)

where K is a real constant, as a function of y, ¥(y) and its
derivatives (see eq. 4.6), in order to convert it to an ODE and
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then to determinate which conditions have to satisfy a radial cscK
metric (4.10) to verify it.

The same arguments about unitary invariance of terms of as
shown in the proof of Theor. 4.4 hold true also in this case for the
term a3. Therefore, we can easily compute by using eq. (4.13) and
(4.8) evaluated at (21,0, ...,0) the following terms:

= (911)217_1’)2'011((91i S(Rinn)? + 2(n — 1)g" (g™ (Ry17)? )
+(9”)5Ri0ii(l n— %)(Rmi) + 2(” - 1)( 2)(RZ’L]])2)

(4.19)
R(Ric,Ric)
= (¢")* (Ri011)231111 +2(n — 1)(g"")*(¢")*Ricyi Ric; Ryvj;
( ) (chm) ((TL 1)Rzm +( 1)( 2)Rﬂjj)

= (¢")2" — 2(n 1)(¢’y )g o)o’ +n(n — 1)(¢ y)y(f—a) .

(4.20)
By using formulas (4.14) and (4.15), we define
x(y) = [R[" — 4|Ric[*,
to get
2 j 52
A(|R|” — 4|Ri =
(AP~ 4fRicf) = 4%
i7 X/¢ llq/)—i_Xlwl I ~ n
= gJ( . 5ji + 2 ¢ZJZZ) = (Xlw)l +
(4.21)

Since Christoffel’s symbols I'}. are equal to gpq%, we easily
k
deduce from (4.12) that they are all equal to zero when evaluated
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at (21,0,...,0) except for:

" " _ 1 —
F11 = (q)”rzibl )(&)Zl :wwr <1,
We also compute that the unique first derivatives of Ricci tensor’s
components different from zero in (21,0,...,0) (cf. (4.9)) are:
7 0 —o'yp—
aglecﬁ - agichii =2 C;;/) nzlu

and we use them to evaluate Ricci tensor’s first covariant derivatives
at (21,0,...,0), which are defined as Ric;; = a—ikRic i — Ric,:T,
and we get

ID'Ric]> = (g'1)3|Ricyy, |2 +2(n— 1)g' (g")?| Riciz, |

= (0" + 2(n — 1) 5(0" + =2)2. (4.22)

Because some Riemann tensor’s components in (z1,0,...,0) are
equal to zero (cf. eq. (4.13)), we need to compute just some Ricci
tensor’s second covariant derivatives, of which we recall the defini-

tion: Ric;; 7 = 0j0rRic;; —I—F%ZFf Ricy, — 1,0 Ric,; — 01, Ricy; —

FQ&kRiciﬁ. In particular, we preliminary evaluate at (21,0, ...,0)
the following derivatives (oI}, = ¢ ailg’;k g g™ 6927 %g;:>
B 1 . 1/}”,1/}
alFf L whw
aEFﬂ = ZT )
aipi _ ¢’y—¢w
— oY=y
ol = 26JI‘3Z =25,
and
0? L _ =(d) ) Y+2(0’) p—o'
g e = " (vt
0 - _ 0 . —(d"Y)Y+20'p—0+n
B Ricg; WRZCM = 2 :
a:a_ Ric; = 255%= a— Ric; = 255 a— Ric;; = 2_“/};50 o
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to be in the position to express
(9") Ryni Rieyiar + 2(n — 1)(9")*(¢")* Rusa( Rieyi 7 + Ricg )
+(g”)4(( - )RﬁﬁRicﬁ,ﬁ + 2(” - 1)( )RzZJJRZsz ]])
= L (= (o0)) = ()0 + 20 () + ')
+2(n 1)1/’ L (=2(a") + 2%(71 —0)+ 4%0’)
+2(n — )T Y — %) <0’ + Uy;”>

+2n%(n — 1)(¢ — y)(c —n — o'y)

(4.23)
as a function of y, v and its derivatives.

Therefore, thanks to the formulas (4.14), (4.15), (4.20), (4.19),
(4.21), (4.22) and (4.23) we convert the PDE (4.18) into an ODE
and by imposing 1 to be equal to the solution (4.10), we get the
following equality

n(n—1)(n+1) <A3ny3”+3(n +1)(n = 2) + AB?ny™3(2 — n)(n +

) — 23ny”+2(AC(n+1)(n+4)+B(n —4)) = Cy"™ (n+1)(n+

2)(AC(n+6)+4Bn) —2C?%y"(n+1)(n+2)(n+3) +2B%*ny3(2 —

n)(2n+1) —6B*Cn’*y*(2n + 1) — 6 BC*y(n + 1)(2n* + 3n + 2)
20%(n + 1)(n +2)(2n + 3)) = ~48K "+,

w

Therefore, if n = 1 and K = 0 the previous equation holds true
independently from A, B and C. If n # 1, C needs to be equal to
0. After this simplification the equahty is satisfied if K = 0 and
n=2orn>2 B=0and K = —@n (n+1)*(n—1)(n — 2).

To sum up, we have just proved that as is constant if and only

if
Ay2—|—y ifn > 2,
Y(y) =X Ay* +y+ B if n =2,
Ay + By+C ifn=1.
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Therefore the claim follows by comparing the previous equation
with the (4.16). ]

Proof of Theorem 4.2. Since we can easily check that the unique
Ricci-flat metric in the statement of Theor. 4.4 (see also Rem.
4.1) is the FEuclidean one, the claim follows from the previous
theorem. ]

Moreover, we can also prove the validity of Conjecture 3 for
complete ALE metrics.

Theorem 4.5. Let (M, g) be a Ricci-flat Kdhler surface such that
the third coefficient ag of the TYZ expansion vanishes. Assume
that g s complete and ALE, then g is flat.

Roughly speaking, an n-dimensional complete Riemannian man-
ifold (M, g) is said to be ALE if there exists a compact sub-
set K < M such that M\K is diffeomorphic to the quotient of
R™\ Br(0) (the ball of radius R > 0) by a finite group G < O(n),
and such that the metric g on this open subset tends to the flat
euclidean metric at infinity. For the exact definition and construc-
tion of ALE Kahler metrics, which are interesting both from the
mathematical and the physical point of view, the reader is referred
to the foundational paper [45] (see also |7], [41], [62], [60]): in our
theorem’s proof we will need just the fact that the norm of the
curvature tensor of such metrics vanishes at infinity.

Proof of Theorem 4.5. By (4.6) the assumption az = 0 implies
A|R|> = 0. By a celebrated result of Yau [76] (being M complete)
(M, g) does not admit a nonconstant positive harmonic function.
Hence |R|? is constant. Being g an ALE metric |R|? = 0 and so
the metric g is forced to be flat. ]

Remark 4.2. The assumption of Ricci-flatness in Conjecture 2 and
3 cannot be weakened to scalar-flatness. Indeed Simanca’s metric
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(see Rem. 4.1) is a radial scalar flat metric with vanishing ag, as
proved in Theor. 4.1. Furthermore, the holomorphic map

¢ : C*\{0} - CP”
given by

itk ,
(z1,22) — <21,ZQ,..., “Z'Tz{zg,) , ]+ k#0,

is a Kihler immersion from (C?\{0}, gs) into (CP®, grg), where

gs denotes the restriction of the Simanca metric gg to C?\{0}.
Indeed

R T A= |+ k :
Ywps = §6ﬁlog Z ]"k' |21 | | 29|
jkeN, jke0 I

= %6510g(|z|26|z|2) = %85@5 = wg.

Since €? is simply-connected it follows by Theor. 1.6 that ¢
extends to a Kéhler immersion from (C?, gg) into (CP®, grg).
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