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Abstract

We investigate maximization of the functional Q — £(2) where {2 runs in the set
of compact domains of fixed volume v in any Riemannian manifold (M, g) and
where £() is the mean exit time from Q of the Brownian motion. Concerning
this functional, we study its critical points and prove that they are harmonic
domains. We analyze the special case of the Coarea formula when we take a
Morse function. We investigate minimization and maximization of the principal
eigenvalue of the Laplacian under mixed boundary conditions in case the weight
has indefinite sign and varies in the class of rearrangements of a fixed function
go defined on a smooth and bounded domain €2 in R™. We prove existence
and uniqueness results, and in special cases, we prove results of symmetry and
results of symmetry breaking for the minimizer.
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Introduction

This PhD thesis is divided into two parts: the main subject of the first one is
the mean exit time of the Brownian motion from a compact and connected do-
main () of a Riemannian manifold M; while, in the second one we deal with the
optimization of the principal eigenvalue of the Laplacian under mixed boundary
conditions.

The thesis is organized as follows: in the second chapter we develop, following
the guidelines of the work by L. Cadeddu S. Gallot and A. Loi [12], an alternative
analytical proof of a known fact about harmonic domains and a new remark
about the Coarea Formula

e o)
IRCLICE (/fw [V >> «

which is not valid when applied to C*° functions.
In the first chapter we describe in detail the original results as in [12].

Let (M, g) be an n—dimensional Riemannian manifold, and let 2 be a com-
pact and connected domain in M with smooth boundary. Denoting by A the
Laplace Beltrami operator on M associated to the Riemannian metric g, we
study the following problem:

Af=1 onQ
{f—O on 0f) . (1)

It is known that it has a unique solution fo(x) > 0 in Hf (), i. e. the
completion of the space of C'"*° functions with compact support in the interior
of Q. In H{ () we define the functional Eq by

Ba() = iy (2] £ = [ 1917 aw,).

Since f is a critical point of Egq if and only if f is a solution of (1), and since
the functional Eq has a unique critical point (i.e. fo the solution of (1)), we
define the mean exit time of the Brownian motion from € as

E(QY) = Eq(fa) = felf??ff(m Eq(f)-

We say that a domain Q C M is harmonic if the function z — ||V fa(x)| =

%(w) (where % is the derivative with respect to the inner unit normal) is



constant on the boundary 9€2. A known result about harmonic domains states
the following

Theorem 2.2.2. The harmonic domains of volume v in (M,g) are exactly
the critical points of the functional Q — E(Q), defined on the set of domains
Q C M with smooth boundary and with fixed volume v .

The classical proof in [41] is based on Brownian motion techniques, but we
give an alternative analytical proof using the definition of regular smooth paths
(also called variations) and the first variation formula that claims that for any
function k defined on a (small) neighborhood of the closure Q of Q

i, ([ mm) ==
— kdv, | =— ku dv, 2
dtlto( Q, J o0 7 @)

where u is a particular function closely related to the variation of the domain €.
The other tools are the Green formula and the introduction of an appropriate
harmonic function.

As to the Coarea Formula, we observe that if (M, g) is any Riemannian manifold
of dimension n and if f: M — R is a C" Morse function, by denoting by
C(f) the set of critical points of f , that is the set of points z € M such that
Vf(z) = 0, and by denoting by S(f) the image of C(f) under f, the Coarea
Formula is valid in the following form

For any non negative continuous function ¢ on a Riemannian manifold (M, g),

xr ValT) = et ﬂ a\T
et duaer= | </f-1<{t}> NGRS ’) “ooo e

where, by f;‘?}f , we intend the integral (with respect to the Lebesgue measure)
on |inf f,sup f\S(f); this integral has sense, because by Sard’s theorem S(f)
has measure zero. Moreover, as we only integrate with respect to regular values
t of f, {f =t} is a submanifold of codimension 1 in M and da; is well
defined as the (n — 1)—dimensional Riemannian measure on {f =t} (viewed
as a Riemannian submanifold of (M,g) ).

In fact, if we consider a Morse function, not only S(f) has measure zero by
Sard’s theorem, but also C(f) has measure zero.

In the remaining part of this section we deal with the maximization of £(Q)
that the authors studied in [12]. The problem of the maximization of £(f2) is
really interesting: it can be seen as a generalization of a similar problem for a
domain in the Euclidean plane (we report it in Appendix A of this thesis), but
also when we take a Riemannian manifold (M, g) that is isoperimetric at some
of its points xg; in fact, in this case even if every geodesic ball centered at xg
is an harmonic domain, the converse it is not true. So, since the critical points
of £(Q) are harmonic domains, the previous one is a motivation to study its
maxima.

In the second part we will show new results concerning the minimization and
the maximization of the principal eigenvalue A, of the Laplacian under mixed
boundary conditions in the case where the weight has indefinite sign and varies



in a class of rearrangements. We study the cases where Q = (0, L) and where
Q is a a-sector. In the last section we consider a case of symmetry breaking
for the minimization problem. In the 2-dimensional case, we take € = Bg 442,
the annulus of radii a, a + 2 and we show that, despite the symmetry of the
data, tha solution may not be symmetric. All results have been published in
the article [11], a joint work with L. Cadeddu and G. Porru.

Let © C R? be a smooth and bounded domain that represents a region occupied
by a population that diffuses at rate D and grows or declines locally at the rate
g(z). We suppose that the boundary 9 is divided in two parts, ' e 9Q\T.
We also suppose that there exists a hostile population outside I' and that there
is no flux of individuals across OQ\I'. If ¢(x,t) is the population density, his
behavior is described by the logistic equation

% = DA¢ + g(x)p — k¢* in Q x R,
$p=0 sul xR", ?:0 su (OQ\I') x R,
v

where A¢ is the spatial Laplacian of ¢(z,t), & is the carrying capacity and v is
the exterior normal to 9.
We consider the corresponding eigenvalue problem

Au+Ag(z)u=0 in Q u=0 sul, % =0 sudQ\I. (4)

Many results and applications related to such eigenvalue problems are discussed
in [17, 2, 37, 40].

If )\, is the principal eigenvalue of (4), from [15] and [16] we know that we have
population persistence if and only if Ay < %.

We study the problems of minimization and maximization of A, where g(z)
varies in the set of rearrangements of a given function go(x), go(z) being a
bounded measurable function in €2 that takes positive values in a set of positive
measure.

The corresponding problem with Dirichlet boundary conditions has been inves-
tigated by many authors, see [18, 19, 20, 23] and references therein. For the case
of the p-Laplacian see [22, 44]. For the case of Neumann boundary conditions
see [32]. Eigenvalue problems for nonlinear elliptic equation with unilateral con-
strains are discussed in [26]. Finally, the problem of competition of two or more
species has been discussed in [14, 38].

More generally, we study the case where € is a smooth bounded domain in RY.
Let G be the class of rearrangements generated by go and let

Wlir:{weHl(Q): w=0 on T, /ngdaz>0}.
Q

Then we have

o Jo VwlPde [ [Vug|?da
Ag = inf 5 = z
wews [o g widx Joyg uldzx

, ()

Our results when € is a domain in RY are the following



Theorem 3.2.7. Let A\, be defined as in (5).
(i) The problem

min A,
geg

has (at least) one solution.
(ii) If § is a minimizer then § = ¢(ug) for some increasing function ¢(t).

In the proof of the previous theorem, we apply the following lemma (it follows
from Lemma 2.4 of [9] )

Lemma 3.2.6. Let G be the set of rearrangements of a fized function gy €
LP(Q), p > 1, and let w € LY), ¢ = p/(p — 1). If there is an increasing
function ¢ such that ¢(w) € G then

/gwdw§/¢(w)wdx Vg e g,
Q Q

and the function ¢(w) is the unique mazimizer relative to G. Furthermore, if
there is a decreasing function ¥ such that (w) € G then

/gwde/w(w)wdac Vg eg,
Q Q

and the function 1(w) is the unique minimizer relative to G.
The result concerning the maximization problem is

Theorem 3.2.10. Let A, be defined as in (3.2) and let [, go(x)dx > 0. The
problem

max \g

g€eg

has a unique solution §; furthermore, we have § = w(ug) for some decreasing
function ¥(t); finally, if go(x) > 0 then the maximizer § belongs to G.

To prove the previous theorem we apply

Proposition 3.2.9. Let A\, be defined as in (3.2), let g > 0 in a subset of positive
measure, and let J(g) = )\ig The map g — J(g) is Gateaux differentiable with
derivative ,
huzdx
J/(g; h) _ fQ g9 .
Jo IVug|?dx

Furthermore, if g satisfies fQ g(x)dxz > 0, the map g — )\i is strictly convex.
g

In particular, we study the cases NV = 1, when ) is an a-sector; and finally,
the case where Q2 = B, 442 is an annulus. In the last case we have symmetry
breaking for the minimization problem.

Firstly, concerning the one dimensional case, our results are

Theorem 3.3.2. Let A\, be defined as in (5) with Q = (0,L) and u(L) = 0.
Then, for all g € G we have Ay > Ag», where g* is the decreasing rearrangement

of g.



For proving this result we apply the definition (5) and two well known inequal-
ities on rearrangements.
On the other hand, for solving the maximization problem, supposing that
fOL g(x)dr > 0, we construct an appropriate function §, such that Az is the
maximizer. The result is

Theorem 3.3.4. If fOLg(x)dx > 0, let p such that [ g.(z)dz = 0. Define
Gg=0for0<x<p, and §=g. for p<a < L. If Ay is defined as in (5) with
Q= (0,L) and uw(L) =0, for all g € G we have Ay < Ay.

Secondly, concerning the a-sector, we make the assumption 0 < o < 7.
Similarly to the one dimensional case we have

Theorem 3.3.8. Let A\, be defined as in (5), where Q = D is the a-sector
defined in (3.26) and I is the portion of 0D with r = R. Then Ay > \g+, where

*

g* is the decreasing rearrangement of g.
In addition, for the maximization problem we find

Theorem 3.3.10. If [, g(x)dz > 0, let D, C D be the a-sector such that
po g«(z)dx = 0. Define g =0 for x € D,, and § = g« for D\ D,. Let \; be
defined as in (5), where Q = D is the a-sector defined in polar coordinates (r,0)

as
D={0<r<R, 0<0<al, (6)

and I' is the portion of 0D with r = R. Then Ay < Ag.

Finally, we study the case of an annulus.

Theorem 3.3.10. Let N =2 and 2 = Bg 442, the annulus of radii a, a + 2.
Suppose go = X, where E is a measurable set contained in 2 and such that
|E| = mp?, 0 < p < 1. Let G be the family of rearrangements of go. Consider
the eigenvalue problem (3.1) in Q with T’ being the circle with radius a+2. If a
is large enough then a minimizer of Aq in G cannot be radially symmetric with
respect to the center of B q+2.

To prove the previous theorem we take an appropriate function g that is not
radially symmmetric and we find an upper bound for A\, that is independent of
a. The next step is to prove that if g is radially symmetric with respect to the
center of By 442 and if A is a minimizer for A4, then A — oo if ¢ — oo.

Special thanks to Prof. Sylvestre Gallot and Prof. Giovanni Porru for their
help and their invaluable suggestions.
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Chapter 1

Maximization of the mean
exit time of the Brownian
motion 1in a domain

1.1 Introduction

In this chapter, we start considering the following Dirichlet problem on a Rie-
mannian manifold.

Let (M, g) be an n—dimensional Riemannian manifold (compact or not), d the
associated Riemanian distance and dvg the associated Riemaniann measure. We
suppose that €) is any compact connected domain in M, with smooth boundary
00 (by this, in the case where M is compact, we also intend that the interior
of M \ Q is a non empty open set). If we denote by A the Laplace-Beltrami
operator ! on M, associated to the Riemannian metric g, we have the following

Af=1 onQQ,
{f:O on 0f). (1.1)

We denote by fq a solution of (1.1).
Let C2°(2) be the space of C* functions with compact support in the interior
of Q; and let lep(Q) be its completion with respect to the Sobolev norm

1
£ 200y = (172 () + IVFIT2(0)) 2
The solution fo belongs to Hf .(€2) 2. Moreover, fo(z) > 0 for any x € (2.

1By “Laplacian A”, we mean the Laplacian with the sign convention of the geometers
(which is the opposite of the sign convention of the analysts) and whose eigenvalues are non

negative; thus A f = —Trace(Vdf) and the Euclidean Laplacian writes A = —3>"7" , 5}2217: .

2As the solution fq of the equation (1.1) is regular, it is bounded and thus fo € L?(Q);
moreover, by Green’s formula

/\VfQPdvg:/ fa Adevg:/ fadvg < 400
Q Q Q

and thus fq € Hf (Q); as fq vanishes on 9%, then fq € H%C(Q)
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We define the functional Eq on the space Hf ,(€2) as follows

Eo(f) = Voll(m (2/Qfdvg—/Q|Vf|2dvg). (1.2)

As the solution of (1.1) is unique (see Paragraph 1.2), we have

Definition 1.1.1. Let Q C M be as above. The mean exit time from §2 of the
Brownian motion (or briefly the mean exit-time from Q) is the value

E(Q) = Ea(fa) = fEIl}I@X(Q) (Ea(f))-

The solution f and the value £(€2) have physical meaning. The function fq(x)
is the first exit time from €2 of the Brownian motion starting from = € ; while,
E(Q), called the “mean exit time from €2 of the Brownian motion”, is the mean
value of fq(x) with respect to all initial points « € Q (see [41] for more details).

In the next paragraphs we deal with the maximization of the mean exit time
€(Q). In particular, we maximize £(£2) when (M, g) is an isoperimetric manifold,
and more generally we study the comparison of the mean exit time from 2 and
its symmetrized domain 2%, where 2 C M and * is a particular domain
in (M*,g*,2*) a PIMS (Pointed model space) of (M,g). More precisely, we
consider the two following set of manifolds which have a universal PIMS. Firstly,
we consider the class of non compact manifolds (M, g) which have dimension
n < 4. Secondly, we study the set of compact manifolds whose elements have
Ricci curvature bounded from below by the Ricci curvature of the canonical
sphere. Finally, we analyze the class of compact manifolds which have Cheeger’s
isoperimetric constant bounded from below by a positive constant H. In this
case, the authors find an upper bound for £(£2) where Q is any compact domain
in (M, g) contained in the previous class.

All previous results about maximization are contained in [12].

In Appendix A we illustrate the simpler case of a Dirichlet problem in R? where
instead of the mean exit time £(£2) we maximize the energy integral I(F).

1.2 The functional £(f2)

Firstly, considering the functional Eq defined on Hf ()

Eal) = iy (2 |- |Vf|2dvg),

we prove that the solution fq of (1.1) is unique.

Lemma 1.2.1. The functional f — Eq(f) (defined on H (Q)) admits a
unique critical point, which is the function fq; thus fq is the unique absolute
mazximum of Fq.

As a consequence, the equation (1.1) admits fo as a unique solution.

Proof. Applying Green’s formula we find, for any h € H fc(Q)

d 1
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Then
(f is a critical point of Eq) <= ( f is a solution of (1.1)).

Since there exists (at least) one solution fq of (1.1), the functional Eq admits
at least one critical point.

Moreover, the functional Eq is strictly concave. In fact, for every f € H} ()
we can define

e(t) = Ea((1— ) fa +1f) teo,1],

and if f # fq we find that e is strictly concave and €’(0) = 0. We deduce that

e'(t) < 0 for every t € (0,1] and therefore, as €'(1) # 0, f cannot be a critical

point of Fq. And so fq is the unique critical point.

Moreover, e(1) < e(0) and thus Eq(f) < Eq(fa), and so fq is the (unique)

absolute maximum. Consequently, the problem (1.1) admits a unique solution.
O

Remark 1.2.2. There are two possible definitions of mean exit-time that can
be found in the classical literature: the one considered in [12], i.e.

1 1
o0 = Gy (2, fo = [, 9 ) = G [ ot

and, more frequently, the functional

E(Q):Q/Q fo d’ugf/g IV fal? dvg:/Q fa dvg.

When € is a domain of the Euclidean plane, £(Q) = Vol(€2) . £() is the torsional
rigidity of a beam whose cross-section is (2. While, when M is Riemannian
manifold of any dimension, £(€) still has the physical meaning of “mean exit-
time of the Brownian motion from 7 . This is one reason for preferring the
functional £(2) to £(Q).

Obviously, looking to the critical points of £(€2) or of £(Q) (among all domains
of prescribed volume v) there are two equivalent problems; in particular, looking
for the maximum of £(Q) or £(Q) among all domains of prescribed volume v
are two equivalent problems. N

However, another reason to prefer the functional £(2) to £(2) is the following.
If on the same domain 2 we change the Riemannian metric g in the homothetic
metric A2 g,

ELNg) =M E(Qg)  and  E(QAg) =A"2E(Qg),  (1.3)

and hence £(€2, g) has the same homogeneity as the Riemannian metric g.

In fact, comparing the Laplacians of the two metrics, a direct computation gives
Ajz g = A2 A, and thus, if fq is the solution of problem (1.1) on the domain
Q endowed with the metric g, then the solution of problem (1.1) on the same
domain € endowed with the metric A2 g is A2 fo. We get

£, 2% g) :/ (V2 fa) duxsy = A2 E(,g).
Q
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Since Vol(©2,A? g) = A" Vol(Q, g) , we obtain

_ EQNg) _APEQ,g)
© Vol(Q,X2g)  A"Vol(€, g)

E(, N g) =\2E&(Q,9). (1.4)

But the main reason to prefer £(Q) to £(Q) is Theorem 1.5.1, where there
is a comparison between the mean exit-times of two domains in two different
Riemannian manifolds.

1.3 Symmetrization of domains and functions

Let (M, g) and (M*, g*) be two Riemannian manifolds such that Vol(M, g) and
Vol(M*, g*) are both infinite or both finite. The constant a(M, M*) is defined
by

1 if Vol(M, g) and Vol(M*, g*) are both infinite,

*y={ Vol(M
(M, M*) M if Vol(M, g) and Vol(M*, g*) are both finite.

Let x* be a fixed point in M*.

Definition 1.3.1 (Symmetrized domain). For any compact domain Q C M
with smooth boundary (let us recall that this also implies that the closure of Q
is a strict subset of M), its “symmetrized domain” > is defined as the geodesic

ball Q% of (M*, g*), centered at x*, such that Vol(Q2*) = a(M, M*)~1 Vol ().

Definition 1.3.2 (Pointed model space). (M*,g*, x*) is said to be a “pointed
model-space for (M,gq)” if, for any compact domain Q C M, with smooth
boundary (let us recall that this also implies that the closure of Q is a strict
subset of M ), the symmetrized domain Q* satisfies the isoperimetric in-
equality Vol,,_1(09Q) > a(M, M*) Vol,,_1(0Q*) ; the same manifold is said to
be a “strict model-space” if, moreover, in this inequality the equality occurs iff
Q is isometric to Q* .

Remark 1.3.3. When the two manifolds have different finite volumes (i. e.
when a(M,M*) # 1), instead of the usual assumption Vol(2*) = Vol(Q?),
we should make the assumption Vol(Q*) = a(M, M*)~1 Vol(Q) (which, in this
that th lati 1 5 L(Q) M 1)
case means that the relative volumes Vol(M, g) an Vol(M~. g are equal) .
In fact, let us call Q** the geodesic ball of (M*,g*), centered at z*, such that
Vol(€2**) = Vol(§2) . Then we cannot have some lower bound of Vol,,_1(9€) in
terms of Vol,_1(9Q**), because, if Vol(M,g) > Vol(M*,g*), then Q** does
not exist when € is such that Vol(M*,g*) < Vol(Q2) < Vol(M,g). On the
other hand, if Vol(M,g) < Vol(M*,¢*) and if Q = M \ B(z,¢), where ¢ is
arbitrarily small and B(x,¢) is any geodesic ball of radius ¢ in (M, g), we get
that Vol,,_1(9Q) < C.e"~! << Vol,,_1(9Q*).

3Such a domain is written as B(z*,R), where R is the solution of the equa-
tion Vol (B(z*,r)) = «(M,M*)"'Vol(Q), which exists and is unique because
a(M,M*)~1Vol(Q) € ]10,Vol(M*,g*)[ and r + Vol (B(z*,r)) is a continuous strictly in-
creasing function whose image is |0, Vol(M*, g*) [.
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Let (M, g) and (M*, ¢g*) be two Riemannian manifolds such that (M*, g*, z*)
is a “pointed model-space for (M,g)” and let Q be any compact domain with
smooth boundary in M (such that Vol(2) < Vol(M,g) when (M,g) has fi-
nite volume). Let Q* be its “symmetrized domain”, that is the geodesic ball
B(x*, Rg) of (M*,g*) such that Vol(B(z*, Ry)) = (M, M*)~ Vol(Q2)).

Let f be any smooth non negative function on §2 which vanishes on the bound-
ary. Let us denote by Q; (or by {f > t}) the set of points x € Q such that
f(z) > t, and by {f = t} the set of points x € Q such that f(z) =t. We observe
that since the set of critical points of f is compact, then its image S(f) by f
is compact and, by Sard’s theorem, it has Lebesgue measure zero in [0, sup f].
The elements of [0,sup f]\S(f) are called “regular values of f”; for any regular
value t of f, {f =t} is a smooth submanifold of codimension 1 in M, and it is
equal to 0€);.

For any t € [0,sup f[, let ©f be the symmetrized domain of €; in the sense
of Definition 1.3.1, i. e. the geodesic ball B (x*, R(t)) whose radius R(¢) is
chosen? in such a way that Vol (B (z*, R(t))) = a(M, M*)~* Vol(Q;). When
t =sup f, then Qg is empty, and QF - is the open ball of radius 0, and
then R(sup f) =0.

The function ¢ — A(t) := Vol(,) is strictly decreasing. In fact, when 0 <
t<t <supf,theset {xr € X : t< f(z) <t} is a nonempty open set of
nonzero volume. A consequence is that the function ¢ — R(t) is also strictly
decreasing®.

Definition 1.3.4. The function f*:Q* — RT is defined by f* = fop, where
p(x) = d*(z*,x), where d* is the Riemannian distance on M™* associated to

g*, and where f:]0,Rg] — [0,sup f] is defined by

f(r):==inf (R7'([0,7])) = inf{t € [0,sup f] : R(t) <r}

. (1.5)
=inf{t : A(t) < a(M,M")VolB(z*,r)}.

Properties 1.3.5. The function f has the following properties

(i) f is decreasing (not strictly in general),

(ii) f(R(t)) =t for every t € [0,sup f],

(iii) f(0)=supf=supf , f(Ro)=0

(iv) f(r) =sup{t : R(t) > r} =sup{t : A(t) > (M, M*)VolB(z*,7)} for
every® r € [0, R(0)] .

Proof. We start proving Property (i). If » < ', as ¢ — R(t) is a decreasing
function, we get

{t : R(t) <r}C{t: R(t) <r'} and thus inf{t : R(t) <r}>inf{t : R(t) <1’}

4Since r + Vol (B(z*,r)) is continuous and strictly increasing, then R(t) is correctly
defined as the unique solution r of the equation Vol (B(z*,r)) = a(M, M*)~1 Vol(Q4) .

5Thus t — R(t) is well defined (for every t) and injective. However, it is generally not
surjective nor continuous, moreover the measure of the set [0, Ro]\ Image(R) is generally not
zero.

6We always have R(0) < Ry and R(0) < Ro iff Vol({f > 0}) < Vol(f2); in this last case,
by construction, we have f =0 on the interval [R(0), Ro].
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and then f(r) > f(r'). B
Property (ii) follows since by the definition of f and because of the strict
monotonicity of ¢+ R(t), we have

f(R(t)) =inf{s : R(s) < R(t)} =inf{s : s >t} =t.

By the construction of f, we have sup f < sup f. Conversely, by (ii), we
have f(0) = f(R(sup f)) = sup f, and thus sup f > sup f; we conclude that
sup f =sup f.

Moreover, by the definition of f, we have

f(Ro) = inf (R™([0, Ro])) = inf([0,sup f]) = 0.

This proves Property (iii).

We conclude with the proof of Property (iv). We define by E.(r) (resp.
E_(r)) the set of values t € [0,sup f] such that R(t) < r (resp. R(t) > r);
for every r € [0, Rg] (resp. for every r € [0, R(0)]) this set is not empty.

For every t € E,(r) and every s € E_(r), we have R(t) <r < R(s) and thus,
as R(.) is a strictly decreasing function, ¢ > s, which implies that inf E (r) >
sup E_(r) and thus f(r) > sup E_(r). For any r € [0, R(0)], if f(r) >0 we
take any sequence n + s, which converges to f(r) and such that s, < f(r)
for every n € N, then (by (ii)) f(R(sn)) = sn < f(r) and so (by (1)) R(sn) >
r, which implies that s, € E_(r). We conclude that f(r) = sup,(s,) <
sup E_(r).

If f(r) =0, as (by assumption) 7 € [0,
point 0 lies in E_(r) and so sup E_(r)

We conclude that, for every r € [0, R(0)], f(r) < supE_(r) and thus that

f(r)y=supE_(r). O

As a consequence we have the following

R(0)], and thus R(0) > r, then the
>0=f(r).

Properties 1.3.6. The properties inherited by f* are the following:

(i) f* is decreasing as a function of the distance d*(x*,-),

(i) ©e€df = f*(z)=t,

(iii) x €N = f*(x)=0,

(iv) sup f* =sup f.
Proof. We deduce Property (i) from Property 1.3.5 (i) and from the fact that,
by definition, f* = f o p, which also implies that sup f* = f(0) = sup f; the
previous equality and Property 1.3.5 (iii) prove (iv).

As 097 is the geodesic sphere of radius R(t), by the definitions of p and f*
and by the Property 1.3.5 (ii), we get

x € = p(xr)=R(t) = [f'(x) = f(R() =t;
this proves (ii).
Since
x €900 = p(x) =Ry
we have
f*(x) = f(Ro) = inf (R7([0, Ro])) = inf ([0, sup f]) = 0.

This proves (iii). O
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1.4 The Symmetrization

The main tool which is used in comparison of the mean exit times from different
domains is the following theorem.

Theorem 1.4.1 (Symmetrization). .— Let (M, g) be a Riemannian manifold
and let (M*,g*,x*) be a pointed model-space for (M,g). Let f be any smooth
non negative function on some domain Q (with smooth boundary in M, let us
recall that this also implies that the closure of Q2 is a strict subset of M ) which
vanishes on the boundary. Let f* be its symmetrized function, constructed as
above on the symmetrized geodesic ball * of (M*, g*), centered at the point z*.
Then

(i) f* is Lipschitz (with Lipschitz constant < |V f| L), and thus f* lies in
Hl c (Q*a g*)

(i1) Vol fQ P dvug(z) = Vol fQ* )P dvg(x) for every p €
1, +oo[

1

(i) gy Jo IV @I doy(@) > i e 195 @I duge (). 1, more-

over, (M*,g*) is a strict PIMS fm" (M g), then equality holds iff the set

{f >0} C (9Q,9) is isometric to the set {f* > 0} C (Q*,g%).

We start proving (ii).

Proof of Theorem 1.4.1 (ii). Let (¢;);cr be asubdivision of the interval [0,sup f],
i. e. I is a finite subset of the type {0, 1, ..., N} C N and the t;’s are such
that 0 =to < t; < ... <ty =supf and such that, forevery i € {0, 1, ..., N—
1}, tiv1—t; = % . We know that the function t — A(t) = Vol(£2;) is strictly
decreasing. We have

N-1
D ()P (Alt:) = Altin) /f?’dvg< Z i+1)” (A(t:) — A(tivr))

=1

Moreover, the left and the right-hand sides of this sequence of inequalities (de-
noted by Sy and SJJ{, , respectively both converge to fQ fPdvy , because

N-1

Sy — Sy = Z (tho1 —t7) (A(ti) — Atit1))

N-1
<p Z (tig1)?™ " (tig1 — ti) (A(ts) — A(tig1))
i=1

< p(sup f)P~* % A(0) < %(supf)p Vol(©2) = 0 when N — oc.
Let us define A*(t) = Vol(Q}) = Vol(B(z*, R(t))); since f is decreasing and
since f(R(t)) = t, for every t € [0,sup f] we have f(r) >t on [0, R(t)] and
f(r) <t on [R(t), Ro], it follows that f* >t on B(z*,R(t)) = Q and that
f* <t on its complement. Then for every = € B(z*, R(t;)) \ B(z*, R(ti+1)),
we have t; < f*(z) < t;y1 and

N—

N-1
Do)y (A*(ti)—A*(tiH))g/ )P duge < Z i1)? (A*(t;) — A*(tig1)) .

£ *
=1 _
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Since A*(t) = a(M,M*)~1 A(t) by the definition of Q} as the symmetrized
domain of ;, we rewrite the last sequence of inequalities as

(M, M*)~" Sy g/ (f*)P dvg < (M, M*)~" St;

¢

taking the limits of the left and right hand-side when N — oo, we obtain

oM, M*)~! /

Q

(Prdoy = [ (7 doye,

Vol(©2
and, using the fact that a(M, M*) = Vool(<Q*)) , we conclude the proof of (ii).
O

To prove the properties (i) and (iii) of Theorem 1.4.1 we need the following
results.
Regularity of R(t) and f

Lemma 1.4.2. If t is a regular value of f (i. e. if t ¢ S(f) ) then the function
R is differentiable at the point t and

/ = — 1 71 a\ T
B == 0530 volaon) /{ft} @) @70 16

Moreover, t— R(t) is a diffeomorphism from [0,sup f]\ S(f) onto its image.

Remark 1.4.3. In the right-hand side of the equality (1.6), the integral takes
sense because, since t is a regular value of f, then Vf(z) # 0 for every
x € {f =t}, which implies that {f =t} is a submanifold of codimension 1 of
M and that da; is well defined as the (n—1)—dimensional Riemannian measure
on {f =1t} (viewed as a Riemannian submanifold of (M, g)).

Proof. We know that the set S(f) of singular values of f is compact, thus
[0,sup f] \ S(f) is an open subset of [0,sup f[ on which differentiation takes
sense; moreover, let t be any regular value, then there exists some ¢ > 0
such that |t —e,t 4 €] only contains regular values of f, which implies that
Yz ——— is continuous on {t —e < f <t+¢e}. Forany h €] —¢, ¢,

IVf ()]l
let us denote by I;(h) the interval |¢ 4+ h,t] when h < 0 and the interval

Jt,t + h] when h > 0, we may thus apply the Coarea Formula (see Theorem
2.3.1) to the function 1;-1(z,(n)) - ¢, which gives

1 1
/fuw)) ora@ V@l dug(@) = /w </fl<{s}> V7@l das“”) o

Then
a(M,M*) (Vol [B(z*, R(t + h))] — Vol [B(z", R(t))])

B - t+h # (17)
— AL+ h) - A(t) = /t (/fl({s}) T das(x)> ds.
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It follows that s — Vol [B(z*, R(s))] is differentiable at the point ¢, and hence
that s +— R(s) is differentiable at the point t. Since R(t + h) tends to R(¢)
when h vanishes, we have

Vol [B(z*, R(t + h))]—Vol [B(z*, R(t))] ~ (R(t+h)—R(t)) Vol,,—1 [0B(z*, R(t))]
~ h R'(t) Vol,,_1 [0B(z*, R(t))] .
From equation (1.7) and the mean value property, we get

a(M,M*) R'(t) Vol,,_1 [0B(z*, R(t))]

) 1 t+h 1 . ; an(x
=~ Jim (h / (/fw V7@l d“s“”)) ‘“) = T )

This implies that R'(t) # 0 at every point ¢ € [0,sup f] \ S(f), and so it is a
local diffeomorphism; as ¢ — R(t) is strictly decreasing, and thus injective, it
is a diffeomorphism from [0,sup f] \ S(f) onto its image. O

Subsequently, we study the function ¢ — R(t) in a neighborhood of a sin-
gular point t € S(f).
We define the functions ¢ — R_(t) and ¢t — R4 (¢) on the interval [0,sup f]
by

R_(t)= { sup R((])tysupf]) Xﬁgi : i [s?;;}pf[
By (t) = { infg%[O,t[) e ¢ g]O,sup fl
Properties 1.4.4. For every t € [0,sup f],
(i) Vte[0sup f[, R_(t) =limsss, s5e R(s)
(i) vt €lo,sup fl, Ry(t) =limsse, s<e R(s)
(iii) Vte[0,supf] R_(t)=R(t) < Ri(t) .
(iv) Vs, te[0,supf] s<t = Ry(t) < R(s) .

Proof. We start proving (i).For every fixed t € [0,sup f[, and for every € > 0,
by the definition of R_(t), there exists some s. €]t , sup f] such that

R_(t) — & == sup(R(Jt, sup ])) — £ < R(s.) < sup(R(Jt,sup f])) = R_(¢).
Since R(-) is strictly decreasing then every s €]t, s¢[ satisfies
R_(t) —e < R(s¢) < R(s) < sup(R(]t,sup f])) = R_(¢),
and this proves that R_(t) = lims_; ¢5¢ R(S).
Similarly, for every fixed ¢t €]0,sup f], and for every € > 0, by the definition
of Ry (t), there exists some s. € [0, ¢[ such that, for every s €]s.,¢],

Ro(t)+e:=inf(R([0,t]) + & > R(sc) > R(s) > inf(R([0,£[)) := Ry () ,

which proves that Ry (¢) = lims_;, s<¢ R(s). This proves (ii).
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If s < t, there exists a strictly increasing sequence (t,)nen such that ¢y = s
and t, — ¢t when n — 4o00; since ¢t — R(t) is a strictly decreasing function,
then the sequence (R(t,)),cy is strictly decreasing and thus, applying (ii), we
get

R(s) = Rto) > lim_(R(t,)) = Ro(1) .
This proves (iv).

We conclude by proving (iii). By definition, one has Ry (0) = Ry > R(0).

Moreover, at any point ¢ € ]0,sup f], for every s € [0,¢[, by monotonicity, one
has R(s) > R(t), and so R (t) = inf(R([0,t])) > R(t).
Similarly, one has (by definition) R_(sup f) = 0 = R(sup f). Moreover, let us
consider any point ¢ € [0, sup f| and take any decreasing sequence (t,)nen such
that t, — ¢ when n — +oo and ¢, > t; then, by (i), R_(t) = lim,— 100 R(tn) -
The set {f > t} then is the increasing union of the sets {f > t,} (because,
if f(x) >t there exists n such that f(z) > t, > t). Applying the property
called “continuity of the measure” we get

At) = Vol({f > 1)) = lm Vol({f > 1)) = lim_A(t,) .
which implies that Vol [B(z*, R(t))] = lim,,— 1o Vol [B(z*, R(t,))], and so

R(t)= lim R(t,) = R_(t)

n— oo
This concludes the proof of (iii). O
The next lemma is about properties of f.
Lemma 1.4.5. (i) Forevery t € [0,sup f], we have f~1({t}) = [R_(t), Ry ()] .
(i3) For every open interval |t,t'[C [0,sup f], we have f~1(Jt,¥'[) =]R.(¥'), R_(t)].
(i4i) For every t €]0,sup f], we have f=([0,t[) =]Ry(t), Ro].
(iv) For every t € [0,sup f[, we have f~(t,sup f]) = [0, R_(¢)].

(v) For every t € [0,sup f], we have {f* >t} = B(z*, R(t)) = f , and thus
the ball {f* >t} is the symmetrized of the domain {f >t} .

Proof. We start proving (i). Since f is decreasing, in order to prove (i) it is
sufficient to prove the following conditions:

FR_(1) = F(Ro() =t for every t € [0,5up /] .
flr)y <t for every t €]0,sup f] and for every r €|R.(t), Ro] , (1.8)
flr) >t for every ¢ € [0,sup f[ and for every r € [0, R_(t)[ .

From Properties 1.3.5 (ii) and 1.4.4 (iii), we deduce that f(R_(t)) = f(R(t)) =
t for every t € [0,sup f].
When ¢ = 0, by definition R4 (0) = Ry and then (by Property 1.3.5 (iii))

f(R1(0)) = f(Ro) = 0.
When ¢ €]0,sup f], Properties 1.4.4 (iii) and 1.3.5 (i) respectively imply that
R(t) < Ry(t) and that f is a decreasing function; then

vie Osupf]  J(Re() < FR(W) =t . (L9)
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On the other hand, for every s € [0,¢[, by Property 1.4.4 (iv) we get R(0) >
R(s) > Ry(t), and thus [0,¢t[C {s : R(s) > R, (¢)}. Applying Property 1.3.5
(iv), we get

t<sup(s  R(s) > Ry(0)} = F (R, (1)

From this last inequality and from (1.9) we deduce that f(R, (t)) =t for every
t €]0,sup f]. Moreover, since we have already proved that f(R(0)) =0, the
first of the conditions (1.8) is then proved.
For every t €]0,sup f] and for any r > Ri(t) = inf(R([0,¢[)), there exists
some g € [0,¢[ such that r > R(sg). Applying Properties 1.3.5 (i) and (ii) we
get f(r) < f(R(sq)) = so < t; thus the second of the conditions (1.8) is proved.
For every t € [0,sup f[ and for any r < R_(t) = sup (R(Jt,sup f])), there
exists some sg € |t,sup f] such that r < R(sp). Applying Properties 1.3.5 (i)
and (ii) we get f(r) > f(R(s0)) = so > t; thus the third of the conditions (1.8)
is proved.
This concludes the proof of (i).

We continue by proving (ii). For every r € f~1(]t,']), from property (i) we
have

F(R-(t) =t < f(r) <t' = J(R(t)),
and then, by the monotonicity of f (Property 1.3.5 (i)), we get Ry (') <r <
R_(t), which proves that f=(Jt,¢'[) C] R (t'), R_(t)]. -
Conversely, let r be any point in the interval | Ry ('), R—_(t) [, since f is mono-

tone we get F(r) € [F(R_(t), F(R.(¢)] = [t.¢], and then 1€ [ ([,). Ap-
plying (i) we get r ¢ [R_(t'), Ry (V)] = /- Y{t'}) and r ¢ [R_(t), Ri(t)] =
f~X({t}), and so we have proved that r € f~1(]¢,#'[), and then | R, ('), R_(t) [C

F71(t,¥']). This concludes the proof of (ii). B
In order to prove (iii), by (i) and by the monotonicity of f we have

re fTH0t) = f(r) <t = f(r) < f(R+(t))

= >R (t) = re€]Ry(t), Ro);

then f=1([0,¢[) C]R+(t), Ro]. Conversely, if r > R, (t) = inf(R([0,¢[)), there
exists some so € [0,¢[ such that r > R(sp). Applying Properties 1.3.5 (i)
and (i) we get f(r) < f(R ( 0)) = so < t. This proves that |R,(t), Rg] C
J7H([0,t[), and thus that f1([0,¢[) =]R4(¢), Ro] .

In order to prove (iv), by (i) and by the monotonicity of f, we have

ref (tsupf)) = f(r) >t = f(r)> f(R-(1))
= r<R_(t) = re [0,R_(1)[;

then f=1(J¢,sup f]) C [0, R_(t)[. Conversely, if r < R_(t) = sup(R(]t,sup f])),
there exists some s; €]t,sup f] such that r < R(s;). From Properties 1.3.5
(i) and (i) we get f(r) > f(R(s1)) = s1 > t. This proves that [0, R_(t)[C

f~(Jt,sup f]), and thus that f~'(Jt,sup f]) = [0, R_(t)[.
We conclude proving (v). From (iv), we deduce that

F'>t e Flpl) €ltsup f] <= pl) < R_(t) <= = € B@a",R(t)) ,

where the last equivalence is true because R_(t) = R(t) for every t by Property
1.4.4 (iii). We conclude by observing that B(x*, R(t)) is, by definition, the
symmetrized domain of the set {f > t}. O
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Let us now define the set of jumps

Si(f) = {t: Ro(t) £ Ry (D)} = {t: R-(t) < Ry (1)},
we have the following

Lemma 1.4.6. Si(f) is an (at most) countable subset of the set S(f) of

singular values. Moreover, for every t € [0,sup f]\ S(f), one has f~1({t}) =

{R(D)} -

Proof. As, by Lemma 1.4.2, R(-) is differentiable at any point ¢ of the open set
[0,sup f]\S(f) and as (by Properties 1.4.4 (i) and (ii)) R_(t) (resp. Ry (t))is
the limit of R(s) as s tends to t from the right (resp. from the left), it follows
that R_(t) = R(t) = Ry(t) for every ¢ € [0,sup f] \ S(f). Consequently,
Si1(f) € 8(f), and by Lemma 1.4.5 (i) f~*({t}) = [R_(t),R.(t)] = {R(t)}.
Let t, s be any pair of points of S;(f) such that ¢ < s. Then the intervals
[R-(t), R+ ()] = f~'({t}) and [R—(s),R(s)] = f~'({s}) are disjoint (by
Lemma 1.4.5 (i)).
The (Lebesgue) measure of the disjoint union of all the intervals [R_(t), Ry (t)],
as t runs in Si(f) is equal to -, g (p) (R4(t) — R—(t)), and this is bounded
above by the total Lebesgue measure of the interval [0, Ry], i. e. by Ro. Thus
the above sum only contains a countable number of non vanishing terms. O

Lemma 1.4.7. The function t — R(t) is
(i) continuous at every point of [0,sup f]\ S1(f),

(ii) continuous on the right at every point of S1(f).

Proof. For every t € [0,sup f]\ S1(f), from the definition of S;(f) and from
Property 1.4.4 (iii), we have R_(t) = R(t) = R4+(t). Properties 1.4.4 (i) and
(ii)) then imply that R_(t) (resp. R4(t)) is the limit of R(s) as s tends to
t from the right (resp. from the left), and so we have continuity.

Continuity from the right at every point ¢ is an immediate consequence of
Properties 1.4.4 (i) and (ii)) and of the fact that R_(t) = R(t) by Property
1.4.4 (iii). O

In the sequel, we apply the following result of measure theory (see for in-
stance [48]):

Lemma 1.4.8. Let F : [0,a] — R be a decreasing function which is contin-
uous from the right. Then there ezists a positive Borel measure p such that
u(z,y]) = F(x) — F(y) for every x, y € [0,a] such that x <y. This measure
is the derivative of —F in the sense of distributions.

Since the function t — R(t) is decreasing and continuous on the right (see
Lemma 1.4.7), by the Lemma 1.4.8, there exist a positive Borel measure (de-
noted by pgr) such that pr(]t,s]) = R(t) — R(s) for every ¢, s € [0,sup f]
such that ¢t <s.
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Proposition 1.4.9. The measure pr is the derivative of —R(-) in the sense
of distributions 7, and thus it coincides with the (reqular) measure —R'(t) dt
on the open subset [0,sup f]\ S(f).

Proof. For every interval |t,t'[C [0,sup f]\ S(f), the Lemma 1.4.2 claims that
t — R(t) is differentiable on the interval ]t,¢'[ and compute this derivative,
which implies that

1 1 1 1
lim uR<]t+,t']>— lim (R<t+)R<t’>>
n—-+00 n n n—r-+o0o n n

=5 1 / 1
= lim ———— das(x) | ds
A S (a(M,M*Wol(an) R ] B

1 1
. <a<M, VO Jyyory TN das(z)) o

We know that the set S(f) of singular values of f is compact, which implies
that [0,sup f]\ S(f) is an open subset of [0,sup f[, then, for any open inter-
val ]¢,¢'[C [0,sup f[, the subset ]t,¢'[N([0,sup f[\S(f)) (that we shall denote
by ]t,#'[\S(f)) is a disjoint countable union of open intervals. By countable
additivity of measures, we obtain

/ _ 1 71 A\ T
(s = [ (a(M,M*Wol(aQ:) f,_., e e )>

(1.10)
0

:U'R(]tv t/D

We are now able to prove

Lemma 1.4.10. f is Lipschitz with a Lipschitz constant bounded above by
IV f]lLee -

Proof. By the definition of pg, using the fact that it is a positive measure and
the formula (1.10), for every t, t' € [0,sup f] such that ¢ <t', we have

R(t) = R(t) = pr(t,t']) = pr (16, '1\S(f))
1 1
- /n,t'[\s(f) (a(M,M*) Vol(99Q) /{f_s} Nf@ d%(m)) ds

oo / ( Vol(992,) >d$
TV lle Sevpson \a(M, M*) Vol(9923)

(1.11)

7 Although this description is not used in the sequel, we can describe the measure pg as
the sum of a regular part, denoted by ,u}eg , and of a singular part, denoted by ,uing , where
WrE is the measure dupR®(t) = —1j0,sup f\S(F) (1) R'(t) dt, whose density (with respect to
the canonical Lebesgue measure) is the regular function —R’ given by the Lemma 1.4.2, and
where ,u;i,/ng is the measure (with support on Si1(f)): u}iﬂg =Y sesi () (B+(s) = R—(s)) 05,
where s is the Dirac measure at the point s. Justifications for this description of ugr are
given by the above definition of pur (based on Lemma 1.4.8), by Lemma 1.4.7 and Properties

1.4.4 (i) and (ii)) and by the proof of Lemma 1.4.6.
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By assumption (M*, ¢g*,z*) is a “pointed model-space for (M, g)” (in the sense
of Definition 1.3.2) and then, as QF is the “symmetrized domain” (in the sense of
Definition 1.3.2) of ¢, (i. e QF is the geodesic ball B(z*, R(t)) of (X,g) such
that Vol(B(z*, R(t))) = a(M, M*)~1Vol(£;)), the isoperimetric inequality of
Definition 1.3.2 gives, for every ¢,

Vol,,—1(094) > a(M, M*) Vol,,_1(0Q) .

Plugging this into the equation (1.11), and recalling that S(f) has measure
zero, we obtain

R(t) — R(t) (t' —t). (1.12)

1
>
= T
Since f is decreasing and f(R(0)) = 0, we know that f(r) = 0 for every
r € [R(0), Ro], and so it is thus sufficient to prove that f is Lipschitz on the
interval [0, R(0)]. Let us recall that, for every r, 7’ € [0, R(0)] such that r </,
by the definition of f and Property 1.3.5 (iv), we have

fOy=inf{t' : R(t') <"} , f(r):=sup{t: R(t) >r}.

Then, for every ¢ > 0, there exist ¢, ¢’ such that R(t) > r, R(t') <1’ and
0< f(r)— f(r') <t —1t +¢; using this and formula (1.12), we obtain

0<f(r) = F(r') =2 <t =t < |V~ (R(') = R(1)) < [V~ = 7) -
we conclude by making e tend to zero. O

By the Rademacher theorem, since f is Lipschitz, it is differentiable every-
where, except on a subset £ of Lebesgue measure zero in [0, Ry]. So, we can
define the measure i as the (positive) measure —f'(r)dr on [0, Ro]. Since
this measure is a measure with bounded density with respect to the Lebesgue
measure, every subset of measure zero with respect to the Lebesgue measure has
measure zero with respect to the measure p7, then p f(E ) = 0 and, moreover,
for every r, " € [0, Ro] such that » < ', one gets pp({r}) = pu;({r'}) =0,
and thus

() = gD = gD = gl = = [ F5)ds = Fr) =)

(1.13)
The previous one proves that pj7 is (up to the sign) the Radon-Nikodym deriva~

tive of f in the sense of the Lemma 1.4.8. Moreover, we have
Lemma 1.4.11. f~1(S(f)) and [0, Ro] \ (R[[0,sup f]\ S(f)]) coincide and

both have pz—measure zero in [0, Ro] .

Proof. In order to prove that f~1(S(f)) = [0, Ro] \ (R[[0,sup f]\ S(f)]), it is
sufficient to prove that f=1([0,sup f] \ S(f)) = R([0,sup f] \ S(f)). This is
immediate when applying Lemma 1.4.6,

FH0sup FNS(F)) = Usgs(n) f 1 ({1}) = Usgs(n {R(1)} = R([0,sup f]\ S(f)).

Let us denote by m the Lebesgue measure on [0,sup f]. Since m(S(f)) =
0, from Lebesgue measure theory we know that, for every € > 0, there exists an
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open subset U, of [0,sup f] such that S(f) C U. and m(U.) < €. Moreover,
U. is a countable disjoint union of intervals of the type |t;,t;+1[ (i € I C N),
of an interval of the type |¢',sup f], and finally of an interval of the type [0,¢[.
Then, by Lemma 1.4.5 (ii), (iii) and (iv), f~(U.) is the countable disjoint
union of the intervals | Ry (¢;41), R—(¢;) [, of the interval [0, R_(¢')[ and finally
of the interval |Ry(t), Ro]. Moreover, by Lemma 1.4.5 (ii), by equality (1.13)
and by Lemma 1.4.5 (i), for every i € I, we have

pp (F (0 tistivn ) = pp ( Ry (tigr), R—(t:) )
= f(Ry(ti1)) — fF(R_(t;)) = tiz1 —ti = m( ti, tiv1 [)
by Lemma 1.4.5 (iv), by equality (1.13) and by Lemma 1.4.5 (i), we have
ur (F 102 sup 1)) = iz ([0, B (1)) = FO)—F(R_(t)) = sup f—' = m(]#',5up 1]},

and finally, by Lemma 1.4.5 (iii), by equality (1.13) and by Lemma 1.4.5 (i), we
have

pr (F7110,£D) = ny (R4 (1), Ro)) = f(R+(t)) = f(Ro) =t — 0 =m([0,¢]) .

From these three equalities and from the additivity of measures, we conclude
that
F(SHS(U)) S np (FHU) =m(Ue) < e
p’f = ;uf 5 5 .

By making ¢ tend to zero, we have pf (f7H(8(f)) =0. O

End of the proof of the Theorem of Symmetrization
Vol(Q?)

Vol(2¥)
the parts (i) and (iii) of the Theorem of Symmetrization 1.4.1.

Finally, since = a(M, M*), the following Lemma finishes the proof of

Lemma 1.4.12. The symmetrized function f* is Lipschitz (with Lipschitz con-
stant ||V f|lLe ). Moreover, if V,,_1(r) denotes the (n—1)—dimensional volume
of the geodesic sphere of radius r and centered at x* in (M*,g*), we have

Ry
a(M, M*)! /Q IVF@IE vy (o) > [ F 02 Vi) dr = /Q VS @) duge ()

Proof. By the definition of the measure py and since the complement in [0, Ro]
of R([0,sup f]\ S(f)) has pp-measure zero by the lemma 1.4.11, we have

/[O,RD] J )y Vaa(r) dr :/ (=f'(r)) Vo (r) dug(r)

[07R0]

_ / (=F'(7)) Vaor(r) dpuz(r) = / F (1) Voo (r) dr
R([0,sup fI\S(f)) R([0,sup fINS(f))

- / F(R())? Voo (R(E)) (R () dt,
[0,sup fI\S(f)

where the last equality follows by Lemma 1.4.2, which claims that ¢ +— R(t) is
a diffeomorphism from [0,sup f]\ S(f) onto its image. Since the inverse of this

diffeomorphism is the restriction of f to this (open) image by Property 1.3.5
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(ii), we have f'(R(t)) R'(t) =1 for every t € [0,sup f] \ S(f), and then, from
the last equality and from the fact that Vol,_1(9Q}) = Vol,,_1 (0B(z*, R(t))) =
Vi—1(R(t)) , we have

/ )2V i(r)dr = / (—}) Vol,,_1(0Q7) dt.  (1.14)
[0, Rol osup NS\ ()

Let us recall that, by definition, f* = fop, where p = d*(z*,), which implies,
by the chain-rule and since [|[Vp| < 1 everywhere in the Lipschitz sense, that
IV ()| = | (p(x)]IVo(z)]| < |f'(p(x))| everywhere in the Lipschitz sense,
and then that f* is Lipschitz (with Lipschitz constant < ||V f||L~) by Lemma
1.4.10. This proves the part (i) of the Theorem of Symmetrization 1.4.1.
Moreover, since ||Vp|| = 1 almost everywhere (more precisely on M* \

Cut(z*)), then ||[Vf*(@)|| = |f'(p(x))| almost everywhere. Plugging this into
the equation (1.14), we obtain:

Ro

/Q* V£ ()" dvg-(x) :/Q* | (p(x))? dvg-(x) :/0 PR Vor () dr
1 *
= /[O,Supf]\s(f) (_R’(t)) Vol,, 1 (092} dt,
(1.15)

On the other hand, applying the Coarea Formula (Theorem 2.3.1), replacing in
that formula the integrand = — @(z) by = — ||V f(z)||, and then using the
Cauchy-Schwarz inequality, we obtain:

VI’Qd’l}gLE: Vf(x)| das(z) | d
v ae=f ( [, vl ()) :

Vol,,_1(0Q;)?
2/ © 11( DR (1.16)
[0,sup fF\S(f) f{f:t} INZIG day ()

*\2
2 Oé(M, M*)Q/ VOln_l(agt)

dt,
05up ANS(H) Sty To7ET dae(2)

where the last inequality comes from the fact that (M*,g¢*,z*) is a “pointed
model-space for (M,g)” i. e., for any compact domain Q' C M , with smooth
boundary, the symmetrized domain Q* satisfies the isoperimetric inequality
Vol,,_1(0Y) > a(M, M*) Vol,,_1 (02) .

Since f{f:t} Wl(r)” day(z) = —a(M,M*)Vol,_1(9QF) R'(t) for every ¢ €
[0,sup f]\ S(f) by the lemma 1.4.2, we deduce from the previous equality and
from (1.15) that

" Vol,,_1(09F
[ ISP duyta) 2 aar. ) [ L
Q osup NS () (117)
=aQLr) [ 9F @) dog (o)
This concludes the proof of the inequality (iii).

If this inequality is an equality then, in (1.16), all inequalities are equalities. In
particular Vol,,_1(9§) = aVol,,_1(98;) for every ¢ € [0,sup f] \ S(f) and,
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if (M*,g*,2*) is a strict PIMS for (M, g), this implies that € is isometric to
Q. Since {f > 0} is the increasing union of the sets {f > t,} when ¢, €
[0,sup f]\ S(f) and ¢, — 04, we conclude that Qg = {f > 0} is isometric to
its symmetrized domain €. O

1.5 Comparison of the mean exit time £({2) with
the mean exit time £(Q2*) in a PIMS

In this section we compare the mean exit time £({2) with the mean exit time
E(Q*) in a Pointed isoperimetric model space.

Theorem 1.5.1. Let (M,g) be a Riemannian manifold and let (M*,g*,z*)
be a pointed model-space for (M,g) in the sense of Definition 1.3.2. Let € be
any compact domain with smooth boundary in M (let us recall that this also
implies that the closure of ) is a strict subset of M ), let QO be the symmetrized
domain, i. e. the geodesic ball of (M*,g*), centered at the point x* , such that

Vol(2) if Vol(M, g) and Vol(M*, g*) are both infinite,
Vol(92°) = .
W Vol(©2) if Vol(M, g) and Vol(M™,g*) are both finite.
then

£(Q) < &(2)

Moreover, if (M*,g*,x*) is a strict (pointed) model-space for (M,g) in the
sense of Definition 1.5.2, then the equality £(Q) = E(Q*) is realized if and only
if Q is isometric to Q0*.

Proof. Let fq be the unique solution of the problem (1.1) on the domain €, let
(fa)* be its symmetrized function. Applying the Theorem of Symmetrization
1.4.1 (ii) and (iii) we get

£(0) = Balfa) =y (2 [ fo dvg— [ (940l av,)

< oty (2 () oy = [ 9GP dvy ) = Bo ().

We know that the mean ezxit-time from the domain Q* is the value £(Q*) =
max,e 2 (o+) (Eq (u)). Since by (i) of Theorem 1.4.1 (fa)* € H? (¥, %) it
follows

E(Q") > Ea- ((fa)") > E().

If £(2%) = £(2), then all the inequalities are equalities. In particular

s

/ 1V fal? duy = a(M, M) / IV (fa)*? doy-
Q

and Fo- ((fa)*) = £(Q*). Then, since the set {fq > 0} coincides with the
interior of €2, from the equality case in part (iii) of Theorem 1.4.1 we conclude
that Q* is isometric to Q. O
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1.6 Comparison of the mean exit times when
(M, g) is an isoperimetric manifold

Let (M, g) be a Riemannian manifold, for any point 2y we denote by Cut(z),
the “cut-locus” of xp, i. e. the union of the cut points (the points where the
corresponding geodedesic ceases to be minimal) of xy along all of the geodesics
that start from xy. We recall that it is a closed subset of measure zero and that
the exponential map exp,, is a diffeomorphism from some open subset Uy, of the
tangent space T, M onto M \ Cut(zg). Let S,, be the euclidean unit sphere of
the euclidean space (Ty, M, ga, ). We define the open subset U, C]0, +00 [xS,,
as the pull-back of Uy, by the map (¢,v) — t.v from |0, +00[xS,, to Ty, M ;
with this subset we can write a generalization of the usual “polar coordinates”
by the notion of “normal coordinates”

" Usy — Uso — M \ Cut(zo)
" (tv) =t = exp,, (t)

In this coordinate system, the Riemannian measure at the point ¢(t, v) is written
as
¢ dvg = 6(t,v)dtdv (1.18)

where dv is the canonical measure of the canonical sphere S;,. This defines
6(t,v) as the density of the measure ¢*dv, with respect to the measure dt dv.
We use the following definition of a Riemannian manifold harmonic at zq:

Definition 1.6.1. Let (M,g) be a Riemannian manifold and o € M, (M, g)
is said to be “harmonic at xo” if the two following conditions are satisfied :

o U,, is empty or is a ball of the euclidean space (Ty,M,g.,) (and thus
there exists some (3 €]0,400] such that Uy, =]0, B[xSs, )-

o for every t €]0, B[, 0(t,v) does not depend on v .

Definition 1.6.2. A Riemannian manifold (M, g) is said to be “harmonic” if
it is harmonic about each of its points.

Example 1.6.3. Spaces of revolution are “harmonic about their pole(s)”, but
they are generally not “harmonic” in the sense of Definition 1.6.2.

In fact, by definition, a (non compact) space of revolution (M,g) with only one
pole z is such that (M \ {zo}, g) is isometric to ] 0, +o00 [xS" "1, endowed with
a Riemannian metric of the type (dt)? + b(t)? ggn—1, where b is a smooth strictly
positive function whose extension to [0, +oo [ satisfies b(0) = 0 (and '(0) = 1
if we want the metric to be regular at x¢), where ggn—1 is the canonical metric
of the sphere S"~! and where {0} x S*~! is identified with the point z.

On the othe hand, a (compact) space of revolution (M,g) with two poles zg
and xy is such that (M \ {z¢,z1},g) is isometric to |0, L[xS" !, endowed
with a Riemannian metric of the type (dt)? + b(t)? gsn—1, where b is a smooth
strictly positive function whose extension to [0, L] satisfies b(0) = b(L) = 0
(and &' (0) = 1, b'(L) = —1 if we want the metric to be regular at z() and where
{0} x S"~ ! and {L} x S"~! are identified with the point zq and with the point
x1 respectively. In this case, we have ¢ :]0, Cut(x) [xSz, — M \ Cut(zg) and
¢*dvy = b""1(t) dt dv.
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We recall that if exp,,  is is a diffeomorphism of a neighborhood V' of the origin
in Ty, M, exp,,V = U is called a normal neighborhood of xy. If B.(0) is such
that B.(0) C V, we call exp,,(Bc(0)) = Bc(x) the geodesic ball with center x
and radius e.

Harmonic manifolds have the following properties:

Proposition 1.6.4. If a Riemannian manifold (M, g) is harmonic (in the sense
of Definition 1.6.2) then all its geodesic balls are harmonic domains (in the sense
of Definition 2.2.1).

This Proposition is an immediate consequence of the following

Proposition 1.6.5. Let (M,g) be a Riemannian manifold and xo a point in
M. If the Riemannian manifold (M,g) is harmonic at xo (in the sense of
Definition 1.6.1 ) then every geodesic ball centered at xy is a harmonic domain

(in the sense of Definition 2.2.1).

Proof. We take a geodesic ball Q of radius R centered at zo. If 6(t,v) is the
density of the measure ¢*dv, with respect to the product measure dtdv of
10, +00[xS,, (as in (1.18)), then from Definition 1.6.1 we know that (¢, v)
does not depend on v and so we write it as 6(¢).

We define f: Q@ — R by f(x) = u(d(zo,x)), where

R ([ 0(s)ds
u(r):/r (W) dt . (1.19)

Since, in this case, Af(z) = —u” (d(zo,x)) — %/((j((::;)’;c)) u’ (d(xg,x)) and since
ion for 0(s) ds
=)

and

we deduce that Af = 1. Moreover, if € 92 then u(R) = 0 and so f(z) = 0.
Then, we deduce that f = fq.

For z € 99
0F (i 2
O (@) = v (R) g (w0, )

and
IVf(@)|] = —u'(R)||Vd(wo, z)|| = —u'(R),

so, we can conclude that 2 is harmonic.
O

Remark 1.6.6. From the last Proposition we know that, in a harmonic man-
ifold at xg, every geodesic ball centered at xg is a harmonic domain. It is also
known that the converse is not true. A counterexample is given by tubular
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neighborhoods, in S3, of some geodesic circle S'. They are examples of har-
monic domains of (S, can.) which are not geodesic balls.
We take the following parametrization of S3

cost 0
F:(r,t,s)— cosr +sinr
0 Cos §
0 sin s

In this parametrization the canonical metric on the sphere is
dr? + cosr?dt? + sinr?ds>.

We choose the geodesic circle C' = S!, that is t — (cost,sint,0,0).

Since u +— cosu(cost,sint, 0,0) +sinw(0, 0, cos s, sin s) is a minimizing geodesic,
then the distance from z = F'(r,t, s) to the geodesic circle C'is p(z) = p(F(r,t,s)) =
r. The metric above implies that

Ap=— + tan p,

tan p

and so there exists a function ¢ such that ¢ o p satisfies A(p o p) = 1. The
function ¢ is such that ¢/(r) = 70— Then the function f(z) = @op(z)—p(ro)
is zero on the tubular neighborhood of radius ro (the set of points x such that
p(x) < rp) and satisfies Af = 1. Moreover, the tubular neighborhood of radius
7o is a harmonic domain since the normal inner derivative on the boundary is
equal to ¢’(rp) and hence constant.

Hence, since from Theorem 2.2.2 we know that all critical points of the functional
0 — £(Q) are harmonic domains, we are interested to the problem of study the
maxima of this functional.

Definition 1.6.7. Let (M, g) be a Riemannian manifold and let xo € M. The
manifold (M, g) is said to be isoperimetric at xq if it is harmonic at xo and if,
for any compact domain Q C M with smooth boundary, the geodesic ball Q*
centered at xo with the same volume as Q satisfies Vol,,_1(92*) < Vol,,_1(92);
the same manifold is said to be strictly isoperimetric at xo if, moreover, the
equality occurs iff Q is isometric to Q*.

The Euclidean space, the Hyperbolic Space and the Sphere are strictly isoperi-
metric at every point (see [7] sections 10 and 8.6 ). These are the only known
examples (up to homotheties) of Riemannian manifolds which are isoperimetric
at every point. If we only require the Riemannian manifolds to be isoperimetric
at (at least) one point, we get much more examples.

Example 1.6.8. A first example of a (nonstandard) space of revolution that is
isoperimetrtic at its poles is the following. We consider a 2-dimensional cylinder
[0, 400 [xS! (resp. [0, L]xS! ) with 1 hemisphere glued to the boundary {0} xS*
(resp. with 2 hemispheres respectively glued to the boundaries {0} x S' and
{L} xS ). Other examples are given by the paraboloid of revolution z = x* +y?
or the hyperboloid of equation x*+y? — 2% = —1, z > 0 in R3 (isoperimetric at
their pole). More generally, a large class of nonstandard examples is given by
the following theorem
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Theorem 1.6.9. ([31], Theorem 1.2) Consider the plane R? equipped with a
complete and rotationally invariant Riemannian metric g such that the Gauss
curvature is positive and a strictly decreasing function of the distance from the
origin. Then (R2, g) is isoperimetric at the origin.

Remark 1.6.10. It is not true that every space of revolution is isoperimetric
at its pole. For instance, we have the following counterexample. Let S be the
hypersurface of revolution in R? of equation 22 + y? + (|z| + cos R)? = 1, whose
poles are g = (0,0,1 — cos R) and 1 = —xo. The plane y = 0 separates S in
two symmetric domains, which have the same area as the geodesic ball B(zg, R),
but their boundaries are shorter than dB(x¢, R).

Proposition 1.6.11. Let (M, g) be a Riemannian manifold which is isoperimet-
ric at some point xog € M, for everyv €10, Vol(M, g) |, the functional Q — E(L)
(where Q runs in the set of all compact domains in M, with smooth boundary
and prescribed volume v) attains its mazimum when § is the geodesic ball Q*
of volume v centered at xo (i. e. E(Q) < E(Q*)). Moreover, if (M,g) is
strictly isoperimetric at xg then this maximum is unique, i. e. the equality
E(Q) = E(Q) is realized if and only if Q is isometric to Q*.

Proof. 1t is a consequence of Theorem 1.5.1. In fact, from Definition 1.6.7 we
have that (M, g,xg) is a PIMS for (M, g) itself in the sense of the Definition
1.3.2 and so, it is a particular case of Theorem 1.5.1 where (M, g) and (M*, g*)
coincide and a(M, M*) = 1. O

1.7 Comparison of the mean exit times when
(M, g) is non compact

We only consider the case where (M, g) is a Cartan-Hadamard manifold.

We recall that a Cartan-Hadamard manifold is a complete simply connected
Riemannian manifold with non positive sectional curvature. For these manifolds
we have the Cartan-Hadamard conjecture (or Aubin’s conjecture):

Conjecture 1.7.1. The Fuclidean n-dimensional space E™, pointed at any
point x* € E", is a strict PIMS for every Cartan-Hadamard manifold of the
same dimension.

It is known that the conjecture is true when n < 4. For n = 2 it was proved for
the first time by A. Weil in [50], in dimension 4 it was proved by C. B. Croke
[21], and in dimension 3 there is a more recent proof by B. Kleiner [36]. In
higher dimensions, the conjecture is still open.

From these results we immediately get the following corollary of Theorem 1.5.1
when M is the class of Cartan-Hadamard manifolds of dimension at most 4:

Corollary 1.7.2. Let (M,g) be a Cartan—Hadamard manifold of dimension
n < 4. For every compact domain 2 C M with smooth boundary, we have

£() < &(),

where Q* is the Fuclidean n-ball with the same volume as ). Moreover, the
equality £(Q) = E(2*) is realized if and only if Q is isometric to an Euclidean
ball.
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1.8 Comparison of the mean exit times when
(M, g) is compact

In this section we consider two classes of manifolds M whose geometry are
bounded.

Firstly, we consider a class of manifolds where the Ricci curvature is bounded
from below by the Ricci curvature of the canonical sphere.

Secondly, we study a class of manifolds M where the Cheerger’s isoperimetric
constant H(M, g) is bounded from below by a positive constant H.

The case where Ric, > (n—1)-g

The main result of this section is the following theorem:

Theorem 1.8.1. For every complete, connected Riemannian manifold (M, g)
whose Ricci curvature satisfies Ricy > (n— 1) - g, for every compact domain
with smooth boundary Q in M, let Q* be a geodesic ball of the canonical sphere

VOI(Q*aQO) VO](Qag)
n _ < )
(S™, go) such that Vol(S™, go) ~ VoI(M, g)’ then £(Q) < £(Q*). Morever,

(i) if there exists some domain Q@ C M such that £(Q2) = E(Q*) then (M, g)
is isometric to (S™,go) and §) is isometric to Q.

(i) If there exists some domain Q@ C M such that

e(n,r)

2 , Jo = (sint)"lat
£(Q 1—-9(n,k))" E(Q with o(n, k) = =
(Q) > (1 - 5(n, 1)) * £(2) ) =

(where —k? is a lower bound for the sectional curvature of (M,g) and

where £(n, k) is the Perelman constant described in Theorem 1.8.10) then
M is diffeomorphic to S™.

We start describing the tools we need in order to prove the previous theorem.
The first result that we use is the following isoperimetric inequality proved by
M. Gromov in [30].

Theorem 1.8.2. For every Riemannian manifold (M, g) whose Ricci curvature
satisfies Ricg > (n —1) - g, for every compact domain with smooth boundary
Q in M, let Q* be a geodesic ball of the canonical sphere (S™,go) such that
Vol(£2* 1(Q

O( 790) — VO( 79) ) then
VOl(Sn7go) VO](Ma g)

Voln_l((‘)Q) > Voln_l(éQ*)
VOI(M,Q) N VOI(Snng) .

Moreover, this last inequality is an equality if and only if Q0 is isometric to Q*.
In other words, for any xo € S™, (S™, go,x0) is a strict PIMS for all the
Riemannian manifolds (M, g) which satisfy Ricy > (n —1) - g.

Applying this Theorem and Theorem 1.5.1 we get
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Corollary 1.8.3. For every Riemannian manifold (M,g) whose Ricci curva-
ture satisfies Ricy > (n—1)-g, for every compact domain with smooth boundary
Q in M, let Q* be a geodesic ball of the canonical sphere (S™,go) such that
Vol(2*, go)/Vol(S™, go) = Vol(Q2, g)/Vol(M, g), then E(Q) < E(Q*). Moreover,
the equality £(Q) = E(Q*) is realized if and only if Q is isometric to Q*.

Remark 1.8.4. Since the canonical sphere (S”, go) satisfies Ricg, = (n—1) - go,
we may apply Theorem 1.8.2 to the sphere, and then deduce an inequality which
is an equality when 2 is a geodesic ball of (S", gg).

Remark 1.8.5. For every K > 0, we can extend Corollary 1.8.3 to every
Riemannian manifold (M, g) which satisfies Ric, > K (n — 1) - g. In fact, we
only need to make the following changes: replace the canonical sphere by the
sphere of constant sectional curvature K in the statement of Corollary 1.8.3,
apply Corollary 1.8.3 to the Riemannian manifold (M, K - g) and then use the
homogeneity formula (1.4).

Remark 1.8.6. For every fixed 8 €]0, 1], let W be the set of all domains €2, in
all the Riemannian manifolds (M, g) € M, such that Vol(Q, g)/Vol(M, g) = B.
Then, the geodesic ball Q* of the canonical sphere (S™, gg) such that Vol(Q2*, go) =
BVol(S™, go) is an element of W3, and Corollary 1.8.3 proves that the functional
Q' £(Q), when restricted to the set Ws, attains its absolute maximum when
Q= Q* and that this maximum is strict. Moreover, by Theorem 1.8.1, if £(£2)
is not far from this maximal value, then M is diffeomorphic to S™.

P. Bérard, G. Besson and S. Gallot generalized Theorem 1.8.2 to the case where
the Ricci curvature has any sign (see [4] Theorem (2) and [28] Theorem 6.16 for
a quantitatively improved version). They proved that

Theorem 1.8.7. For any K € R, a PIMS for all the n-dimensional Rieman-
nian manifolds (M, g) which satisfy Ricg > (n—1) K-g and diameter(M,g) < D
is given by the Euclidean sphere of radius R(K, D) (PIMS at any point) where
R(K, D) is defined by

L
1 fo (cost)™*dt £ K >0
i
fo (cost)—1dt

1
n n—1 n . _
R(K, D) — 3 (JiF (costy"~tat) " D it K=0
| ax | o KT (cosh 2¢) 2 s dt fOD K1 (cosh 2¢) “7 s dt
VIEK] Jo (sint)n—tdt ’ Jo (sint)n—1dt

if K <0

In other terms, for every compact domain with smooth boundary Q in M , if
O is a geodesic ball on the Euclidean sphere S™(R(K, D)) of radius R(K, D)
and if Q** is a geodesic ball of the canonical sphere S™(1) = (S™, go) such that

Vol(Q) Vol(Q*) _ Vol(2,9)
Vol(S", go)  Vol(S*(R(K, D)))  Vol(M,g) ’
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then

Vo, 1(09) _ _ Vol, 1(02") 1 Vol, 1(92") 90
Vol(M,g) = Vol(S"(R(K,D))) R(K,D) Vol(S",g0) (1:20)

Remark 1.8.8. Firstly, we remark that the smaller R(K, D) is, the stronger is

the isoperimetric inequality (1.20). When K > 0, the Theorem 1.8.7 is sharp,
because choosing D = \/”7 , the sphere S™ (ﬁ) satisfies the assumptions and
the conclusion of the Theorem 1.8.7. In this case the isoperimetric inequality

(1.20) is verified when (M,g) = S™ (\/%), moreover, this inequality is an

equality because R(K,D) =R (K, T5) = \/—% .
Furthermore, under the assumptions “Ricy > (n —1) K - ¢” and “(M,g)
not isometric to S™ (ﬁ) " from Myers’ theorem (and its equality case)® we

get that diameter(M, g) < \/LF , and then we can apply the Theorem 1.8.7 with
the values K =1 and D < # of the constants, which implies that, under the

hypothesis, R(K, D) < \/% . The isoperimetric inequality (1.20) is then strictly

n 1
stronger than the one of the sphere S (W) .

On the other hand, when K < 0, Theorem 1.8.7 is not sharp because we
always have diameter (S"(R(K, D))) > D, and so the sphere S"(R(K, D)) does
not satisfy the assumptions of Theorem 1.8.7.

Applying Theorem 1.8.7 we get

Corollary 1.8.9. Let K be an arbitrary real number (of any sign), for any n-
dimensional Riemannian manifold (M, g) which satisfies Ric, > (n—1)K - g
and diameter(M, g) < D, for every compact domain with smooth boundary Q
in M, if Q* is a geodesic ball on the Euclidean sphere S™(R(K,D)) and if
Q** is a geodesic ball of the canonical sphere S™(1) = (S™, go) such that

Vol(Q2**) Vol(Q*) ~ Vol(, 9)
Vol(S™, go)  Vol(S*(R(K,D)))  Vol(M,gq) ’

then
E(Q) <EWQ) = R(K,D)2 E(Q™). (1.21)

Proof. From Theorem 1.8.7 we know that the Euclidean sphere S"(R(K, D))
of radius R(K, D) is a PIMS for the Riemannian manifold (M,g). If Q is a
compact domain with smooth boundary in M, if Q* is a geodesic ball on the
Euclidean sphere S™(R(K, D)) of radius R(K, D) and if Q** is a geodesic ball
of the canonical sphere S™(1) = (S", go) such that

Vol(@) Vo) Vol(,g)
Vol(S™, go)  Vol(S*(R(K,D)))  Vol(M,g)’

then applying Lemma 1.5.1 we get
E(Q) < E(Q) = R(K, D)? £(2*),

8The theorem claims that if the Ricci curvature of a complete Riemannian manifold (M, g)
satisfies Ricg > K(n — 1) - g, then its diameter is at most # Moreover if the diameter is

equal to then the manifold is isometric to a sphere of a constant sectional curvature K.

T
/K
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where the last equality follows from the fact that the sphere of radius R(K, D)
is isometric to (S", R(K, D)2.gp) and from formula (1.4). O

The last result we need in order to prove Theorem 1.8.1 is the following inequal-
ity proved by G. Perelman [43].

Theorem 1.8.10. Let (M, g) be an n-dimensional compact Riemannian man-
ifold. Assume that M is not diffeomorphic to S, that Ricy > (n —1) - g and
that the sectional curvature of (M,g) is > —k2. Then there exists a constant

e(n, k) > 0 such that diameter(M, g) < 7 —e(n, k).
Remark 1.8.11. When K =1 and D = 7 — ¢(n, k) Theorem 1.8.7 gives

e(n,K)

Jo * (sint)"'dt
JF (sint)n=1dt

R(K,D)=R(l,m —e(n,k))=[1

(1.22)

Thus, with respect to the isoperimetric inequality of the canonical sphere, the
isoperimetric inequality on (M, g) induced by (1.20) is improved by some factor
which is bounded from below by 1.

Proof of Theorem 1.8.1: Applying Theorem 1.8.7 when the constants are K = 1
and D = diameter(M, g), we get that the Euclidean sphere S™(R(1, D)) of radius
R(1,D) = R(1,diameter(M, g)) is a PIMS (at any point) for the Riemannian
manifold (M, g). For every compact domain with smooth boundary Q in M,
if Q0 is a geodesic ball on the Euclidean sphere S"(R(1, D)) of radius R(1, D)
and if Q* is a geodesic ball of the canonical sphere S™(1) = (S™, gp) such that

Vo) Vol(@)  Vol(%,g)
Vol(S™, go)  Vol(S*(R(1,D)))  Vol(M,g)’

then, from Lemma 1.5.1 we obtain
E(Q) < E(Q°) = R(1,D)* £(9%), (1.23)

where the last equality follows from the fact that S™(R(1, D)) is isometric to
(S, R(1,D)2.g9) and from formula (1.4).

We prove the second part of the Theorem 1.8.1 by contradiction applying
Theorem 1.8.10. Firstly, we suppose that (M, g) is not isometric to (S™, go).
Then Myers’ theorem (and its equality case) implies that diameter(M,g) < ,
and thus, by the definition of R(K, D), R(1, D) < 1 (where D = diameter(M, g)).
Since R(1,D) < 1, from the inequality (1.23), we get that, if (M, g) is not iso-
metric to (S™, go), then £(Q) < £(Q*) for every compact domain with smooth
boundary  in M, which concludes the part (i) of the Theorem 1.8.1.

Finally, we suppose that M is not diffeomorphic to S™. Then, Theorem 1.8.10
implies that the value D = 7m — &(n, k) is a upper bound of the diameter of
(M, g). From the inequality (1.23) and the formula (1.22), we obtain that

e(n,k) .
Jo 2 (sint)*~'dt
JE (sint)—tdt

e < (1 (@)

for every compact domain with smooth boundary € in M. This concludes the
proof of part (ii) of Theorem 1.8.1.
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The case where H(M,g) > H

We recall the definition of Cheeger’s isoperimetric constant H(M,g), that is

defined by Vol (39)
Olp—1

H(M,g) = inf <min [Vol(Q) , Vol (M \ Q))) ’

where 2 runs in the set of all domains with smooth boundary in M.

(1.24)

For any H > 0, we denote by My the set of all Riemannian manifolds (M, g)
whose Cheeger’s isoperimetric constant is bounded from below by H. In other
words, it is the set of the (M, g)’s that satisfy, for every domain with smooth
boundary Q C M, the following isoperimetric inequality:

Vol,—1(02) > H - min (Vol(Q2), Vol(M \ ©2)) . (1.25)
The result concerning this set of manifolds is the following

Theorem 1.8.12. Let (M, g) be any compact Riemannian manifold and let 2 be
any compact domain with smooth boundary in M such that Vol(Q2) < % Vol(M).

1
< —.
Then £(R2) < H(M.g)?

The idea for proving the previous theorem can be found in [3] (sections IV.B.13
and IV.B.22) and in [28] (sections 5.B and Appendix A.4), where P. Bérard
and S. Gallot introduce the “double of the hyperbolic cusp” (M*, g¥). It is
constructed by endowing the manifold M* := R x S*~! with the Riemannian
metric g defined, at any point (t,v) € RxS""! by g := (dt)?>®¢? e~z
go, where go is the canonical metric of S"~1. They remark that (M*,g}) is
some kind of generalized PIMS for all the manifolds (M, g) € My , because the
symmetric domains QF := [r, +0o[xS""! C M* (i. e. the “balls” centered at
the pole at infinity) realize the equality” in the isoperimetric inequality (1.25).
For proving Theorem 1.8.12 we need the following

Lemma 1.8.13. Let (M, g) be a Riemannian manifold. Then, for any compact
domain Q C M and for any non negative continuous function f on Q which
vanishes on 082, one has:

sup f
Vp € [L, +oo| /fpdvg:p/ PLAx) dt
Q 0

For any continuous function f, we recall that we denote by €2; the set of
points x € Q such that f(z) > ¢, and by A(t) the volume of €.

Proof. Let t; = %supf (for every i € {0,...N}). Since the function ¢ —
A(t) = Vol(€) is strictly decreasing, we get

N-1

N-1
D ti(A(t) = Altirn)) < /Qfdvg <Yt (At) — Altiga))- (1.26)
; =0

1=

We denote by S]J{, and Sy the right and the left hand side of (1.26), respectively.
These are approximations from above and below of the integral fos up f A(t)dt.

Vol,—1 (092, g%)

min [Vol(Q), Vol(M* \ )] — -

91n fact, a direct computation gives: Vr € R
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As0< SH—Sy < S“JI\}fA(O), then when N — oo, Sf; — Sy — 04 and so, Sj;,
Sy both tend to fosupf A(t)dt. By (1.26) they also tend to [, fdv,. This proves

that
sup f
/fdvg:/ A(t) dt. (1.27)
Q 0

Since Vol ({fP > t}) = Vol ({f > t%}> = A(t%) , applying (1.27) to the func-
tion fP we get

sup fP . sup f
¥p € [1, +00] /fpdvg :/ A (ﬁ) dt:p/ =LAt dt.
Q 0 0

This concludes the proof of the lemma. O

Proof of Theorem 1.8.12: For any compact domain Q C M with smooth bound-
ary, we denote by C(fq) the set of critical values of fq and by S(fq) :=
fa(C(fa)) the set of its singular values. Applying the definition of £(Q2), Lemma
1.8.13 and since S(fq) has measure zero by Sard’s Theorem, we get:

Vol(Q) £(Q) = / fodvy = / Alt) dt, (1.28)
Q [O,Supr]\S(fQ)

For every regular value t of fo we have A(t) < Vol(Q) < Vol(M,g)/2 and
then, by the definition of Cheeger’s isoperimetric constant, Vol,_1(98:) >
H(M, g) A(t). From this inequality and from (1.28) we obtain:

Vol(Q) £(Q) < ——

1
< Vol,_1 (09 )dt = 7/ IV foldo,,
H(Mvg) /[O,supfgz]\S(fQ) ' H(M,g) Q J

where, in the last equality, we applied the Coarea Formula (see next Chapter
Paragraph 2.3). Using the Cauchy—Schwarz inequality we get:

1 1 9 3
Vol(9) £(9) < g7 (Vol(9) ( /Q IV fal dvg) .

Finally, since £(Q2) = \,.%(Q) Jo IV fa|?dvy (as in Definition 1.1.1), we conclude

Remark 1.8.14. Let us consider any Riemannian manifold (M,g) € My,
from Theorem 1.8.12 we know that every domain €2, whose relative volume [

1

1
is at most 3, satisfies £(Q) < ViEh We suppose that there exists a domain

which satisfies £(Q2) = ik Then, in proof of Theorem 1.8.12, all inequalities

are equalities, in particular the Cauchy—Schwarz inequality is an equality and

so, |Vfal*(z) is constant and thus, it is equal to £(2) = ek But, this is a

contradiction with the existence of a critical point of fq, since Q2 is supposed to
be compact. In conclusion, the functional 2 — £(€2), where €2 runs in the set of
all domains, with smooth boundary and prescribed relative volume £ €]0, %] ,
in all the Riemannian manifolds (M, g) € My cannot attain its maximum.



Chapter 2

On harmonic domains and
on the Coarea Formula

2.1 Introduction

Following the same guidelines of the results seen in Chapter 1 we are now able
to show some new results. The first one concerns with a property of harmonic
domains; it is a known fact, but we give a new analytical proof. The second
one is related to the famous Coarea Formula; it is a remark in the case where
we take a Morse function in the formula.

2.2 On harmonic domains
Let us recall the following

Definition 2.2.1. A domain  is called “harmonic” if the function r —
IV fa(z)|| = %(m) (where fq s the solution of the equation (1.1) on the
domain Q0 and where % is the derivative with respect to the inner unit normal)
is constant on the boundary 02 .

We state the following property of the mean exit time from §.

Theorem 2.2.2. The harmonic domains of volume v in (M,g) are exactly
the critical points of the functional Q — E(Q), defined on the set of domains
Q C M with smooth boundary and with fived volume v .

We give an analytic proof of this Theorem (for the classical proof based on
Brownian motion see [41]).
First of all, we prove that for every x in 0 := 99, fo := fa , we have

dfo

aTV(»””) # 0.

Then, automatically, %(m) > 0, since fo =0 in 92 and fy > 0 in Q.
We denote by V (resp. D) the covariant derivative on 9Q with the metric

36
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induced by g (resp. of M with the metric g). By definition of the second
fundamental form I on = € 99 (Gauss-Codazzi)

DxY =VxY +I(X,Y).N(z),

where X and Y are two tangent vector fields on 9.
Taking an orthonormal frame eq,...e,_1 at x, we have

n—1 n—1 n—1
Z Deiei = Z veiei + Z ]I(eia ei)'N(x)7
i=1 i=1 i=1

Then, if N(z) is the inner unit normal,

N Z Ddfo(er, er) — Ddfo(N(x), N())

n—1 n—1 2
= — Z eidfo(ei) + Z df()(Deiei) — g]\{g (l’) + dfo(DNN)
i=1 i=1

Let ¢y be the normal geodesic such that cy(0) = = and ¢y (0) = N(x). Since
dfo(z) = 0 for every vector field on 99, then e;dfo(e;) = 0 and dfy(Ve,e;) = 0.
We have

L= Yo e eddo (V) — 5 (lew(@)]) + do(Des e (1)

If%:Oinx,weget
d2

g, olen () =1

and from fo(en(0)) =0 and dfyey(0)] = %(x) = 0 we obtain

2

folen (1) = =5 +o(t*) <0,

which is in contrast with fo > 0 in Q.

In order to prove Theorem 2.2.2 we need the classical definition of regular smooth
paths (called “variations”) t — Q; in the set of domains with smooth boundary
and fixed volume v, starting from Qy = Q:

Definition 2.2.3. A (C?) small variation ; of Qo = Q is given by a (C?) small
variation of the boundary, which is, by definition, a C* map H : 0Q x |—¢, e[ —
M such that, for every x € 0Q, H(x,0) = z.

Since the variation is C?, then for sufficiently small t’s, the boundary 9§; =
H(9Q x {t}) is a graph over 9 (i. e. the orthogonal projection m; : 9Q; — 99
is a diffeomorphism), Therefore 9€; still bounds a domain called §2;, which is a
smooth variation of the domain €y = 2.
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Definition 2.2.4 (Critical point). The domain Q is a critical point of the
functional £ (defined on the set of domains with smooth boundary and with fized
volume v in M) if %lt:() (E(%)) exists and is equal to zero for every (small)

variation t — Qp of Q such that Vol(Q;) = v.

As the orthogonal projection m; : 9Q; — 09 is a diffeomorphism, for small ¢’s,
@; = m; ' is a flow of diffeomorfisms whose time-trajectories are orthogonal to
09, there thus exists a smooth map w :] — e, e[x9Q — R such that ¢(z) =
exp,(w(t,z).N(x)), where w(0,-) =0 and N is the inner unit normal vector
field. Letting u(z) = %lt_ow(t,x), we then have %‘f_o (pe(2)) = u(z).N(x).
Writing in such a way we obtain, for any function k defined on a (small) neigh-
bourhood of the closure 2 of Q, the classical “first variation formula” :

i, ()=
— kdv, | =— ku dv, 2.1
dt|i=o < o I B I @1)

and thus this derivative only depends on the values of k on 0.

Applying (2.1) with £ = 1, the assumption V¢ Vol () = Vol(Q) = v is in-
finitesimally equivalent to |, a0 U dvg =0.

More precisely, we take two coordinate systems of a neighborhood U, of 0f2 and
we construct the variation 9€; of 9.

Let us denote by fo a smooth extension of fo := fa, = fa to a (small) neigh-
borhood of the closure €2 of €, let m be the orthogonal projection on M and

let
0N x (—e,€) = U
2 {(x, s) — expz(s.N(z))

and
{UE — 00 x (—¢€,¢€)
b2

m = (m(m), fo(m))
be two (zoordinate systems (¢ is a diffeomorphism on an open set of 9 x (—¢€’, €’)

since %(az) # 0 for every x € 99).
We define the variation 0€2; on the coordinate system ¢o by

$2(0) = {(z,5) € O x (=€, €)|s = tw(x)},

and then R
o = {m e M|fo(m) = t.w(m(m))}.

In the coordinate system ¢, we have

611 (0) = { (@, 5)| folewps (5N (2))] = t.o(2)};

then we can define w(t, ) from the equality

folexpz(w(t, z).N(z))] = t.o(z). (2.2)

We get
o1 (0%) = {(z,w(t,2))|z € 92}

and
0 = {exp,(w(t,z).N(z))|z € 00}.
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We obtain the following equality by deriving (2.2) with respect to ,

dfo‘z [d(expz)), gw

s (t,x).N(z)] = v(x).

Since we defined u(z) = %It:ow(t’ x) and d(exp,)|, = idr,n we have

dfo,, [u(z).N(x)] = v(x)
and then

v(x) = u(m)%(x) (2.3)

By the “first variation formula” (2.1) we get

d =— u(r) avg = — v() v
5, (V0100 = = [ o) oy == [ s

ON

Thus, we can choose v(z) as a generic function satisfying (2.3) and also u(x) is
a generic function satisfying [, u(z) dv, = 0.

We denote by V; the harmonic function on € that is equal to v o m(x) on
08;. It is known that V; realizes the minimum of

[ IV f[? dvg
o,
in the set of functions f(x) which are equal to v o w(z) on 9, and that there
exists a constant C' > 0 such that [, [VV;]*dvy < C < +o0, ie. V; € Hf ().

Proof of Theorem 2.2.2 : Let us consider the functional £ defined on the set of
domains with smooth boundary in M and with fixed volume v. Let us denote
by f: the function fq,, we have

E(S) = Eq,(f1) = ( / fe dvg — /Q |Vft|2 d”g) = i( o e d”g)

and thus, using the formula (2.1),
v(ESU) —EQ)) = [ fidvy — fo dv,
Q Qo

= Tt dvg - / f~0 dvg + fO dvg - fO dvg
Q Q Q Qo

= fi dvg — / fo dvg — t/ u fo dvy + o(t?)
Q4 Q 080

— fi dvg — / fo dvg + o(tz)
Q4 Q

_ _/ Jo Af, dv, +/ f Ao dvy — [ o (Afy—1) dv, + o)
Qq Q

Q¢

_ _/ o Af, dv, +/ Fi Af dv, — / fi (Afo—1) dv, + o)
Qe Q4

2\ Q0

= —/ fo Afy dv, +/ fi Afo dv, + o(t?)
Q Q
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where the last equality comes from the fact that, by smoothness, |A fo(:v) -1 <
Cyd(z,00) < Cot and fi(z) < C3 when x € Q; \ Q and that Vol (2, \ Q) <
Cy t. Using Green’s formula, we get:

v (E(S) — E(0))

- _/ (Vfo, V) dv, + / (Vfi, Vo) dvg
Q4

Qy

dfo : Of > : Ofi 2
- — - t°) = — — d t
- o fi v FoIoN fo v + olt) o /o v v+ o),
(2.4)
where v is the normal to 9€;.
We now prove that
s aft 3 3f0 2
fo =— dv, = fo =— dv, + o(t?).
. 0 O g i~ 0 O g ( )

Since fo(z) = tvon(x) and fo(x) = fo(x) — fi(x) for every = € O, and V; is

harmonic in 2, we have

- (0fo  Of: N ofo  Ofi
/aQtf()(aV_aI/) d’()g—t/BQt’UO'ﬂ'(aV—aV) d'Ug
_ ; vy
t/{mt(f()ft)a

oV -
:t/ tvom—t dvg—i—t/ Vi(Afo—1) du,
fSIoN ov Q,\Q0

=t* [ AV,V; dv,—t* | |VVi|? do, +to(t) = o(t?)
Q4 Q

dvg+t/ Vt(AfO—Aft) dvg —t AVt(fo*ft) dug
Q4 Q

where the last equality is follows from the fact that V; and th |VV4|? dv, are

bounded. Thus
: (0fo  Of: _
/6915 fo (81/ 81/) dvg = o(t”).

Applying this result in (2.4) we get

v(E(E) — () = — fo % dvg + oft?)
o v
_ Of ) i
= — 6, fO 87]3) d'Ug"’ 0(t2) = — /6Qt fo |Vf0| dUg+ O(t2)

= o Folpe(@)) IV foll(e(2)) |Jaceel(z) dvg(x) + oft?)

=~ [ (@) - fola)) IV allor(a)) Paciarla) duyo) + of?)
0Qo

= — t/ u(zx) dfo(N(2)) |V foll(pe(x)) [Jacps|(z) dvg(x) + ot?).
0Qo
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As (dmi(v) — v) tends to zero (uniformly) when ¢ — 0, then [Jac ¢;| tends to 1
uniformly and ||V fo|(¢+(z)) tends to ||V fol|(x) when ¢t — 0. We then get

E@) =€) = —t [ u@) [VAlPe) duyfa) + o) -

This proves that the derivative exists and satisfies the equality

d 1
o E) = —— / u(@) IV foll*(z) dvg() (2.5)
lt=0 v Joqe
Thus Q is a critical point of the functional £ iff faﬂ () |V foll*(z) dvgy()
2

for every function w: 99y — R such that fBQ u=0, thus iff x — ||V fo|
is constant on 0 ; this achieves the proof of Theorem 2.2.2. O

=0
(x)

2.3 On the Coarea Formula

The famous Coarea Formula is also applied in the proof of Theorem 1.4.1. We
make a remark on this formula.

Let (M,g) be any Riemannian manifold of dimension n, and let f: M — R
be a C™ function. Let us denote by C(f) the set of critical points of f , that
is the set of points z € M such that Vf(z) = 0, and let S(f) be the image of
C(f) by f; by Sard’s theorem it has measure zero in the interval [inf f,sup f].
In many references (see for example [3], [5] and [28]), the Coarea Formula is
written as follows.

For any non negative continuous function ¢ on a Riemannian manifold (M, g),

_ o)
IREEEE </fw i@ )> R

where, by ffqu, we intend the integral (with respect to the Lebesgue mea-
sure) on |inf f sup f[\S(f); this integral takes sense because S(f) has measure
zero. Moreover, as we only integrate with respect to regular values t of f,
{f =t} is a submanifold of codimension 1 in M and da; is well defined as
the (n — 1)—dimensional Riemannian measure on {f =t} (viewed as a Rie-
mannian submanifold of (M,g) ).

By the two following counterexamples we prove that this coaera formula is not
valid when applied to C'*° functions.

A 1—dimensional counterexample

Let M = [-m, 7] endowed with the usual Euclidean metric and with the
Lebesgue measure. Let f : [—m, 7] — Ry be a smooth function such that
f(=z) = f(z) for every = € [—m,m] and that f(0) =1, f(m) =0, Vz €
[Z,27] f(z) =%, f'(0) = f'(m) =0 and such that Vz €]0, Z[U]3E, 7[ f/(z) <
0. Let us define

1
Il :/ dx 3 12:/ — dt ;
[— 7] (0,1\S(f) Ief;{t}) |f'(2)]
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if formula (2.6) is true, then I1 = I>. Let us now compute these two integrals:
it is clear that 11 =2r. As S(f) = {0,1,1}, for every ¢t € [0,1] \ S(f) =
10, 2[U]3,1[, f~({t} contains exactly two symmetric points that we denote by
z(t) and —x(t) when ¢ €]0, %[ and by Z(t) and —Z(t) when ¢t €]3,1[, where
o(0), 0 < 03 s f(al0) = £, f(-alt) = b, JE0) = t, F(~2(0) = the
chain rule gives z/(t) = f,(;(t)) = _f,(ir(t)) and #'(t) = (z(t)) (ii(t))

I = /72[ (f,(l( o " _f/ﬁx(t))) ‘“*/];,1[ (f’(l( ) —f’(lfc( >>> “

:/ 24
10,1

i3l

() dt + /]1 1[255/(15) dt =2 (az(;) —z(0) + % >

2

As t— z(t) (resp. t+ Z(¢)) is the inverse of the map f : ] -, ——[—>]0 [
(resp. of the map f :]— Z,0[—]3,1[), one has z(0) = z(3) =
i(3) = —% and Z(1) = 0 and we deduce from the prev10us equahty that

I, = 7; we conclude that I; # I and thus the formula (2.6) is false in the
present case. [

A counterexample in higher dimension

The previous counterexample is not specific to the 1—dimensional case, neither
to the fact that the manifold has a non-empty boundary on which f vanishes;
in fact, we are able to construct a counterexample on any compact Riemannian
manifold (M, g) of any dimension:

Let f still be the function of the previous 1—dimensional counterexample, let us
fix a point z¢ € M and call iy the injectivity radius of (M, g) at this point. Let
By be the geodesic ball of radius 7 centered at zg. Let f be the C'*° extension
of f to R such that f = 0 outside [—m,7]; let w : M — R* be defined by
uw = f oo, where p = 7 d(xo,-), where d(z,-) is the Riemannian distance (on
(M, g)) to the fixed point zg. As d(zg,-) is C* on the geodesic ball By and as
u = 0 outside By, u is C'°°; moreover, by construction, u is strictly positive on
By. Let us define

1
le/dv =Vol(M,g) , ng/ / ——— das(x) | dt ;
o oanste \us ey, Tou(@ 2

if formula (2.6) is true it will be J; = J5. Let us now compute Js .

As S(u) = S(f) = {0, 3,1}, for every t € [0,1] \ S(f) =]0, 3[U]5, 1[, u=' ({t})
is the geodesic sphere S(xg, R(t)) of (M,g) centered at xo whose radius R(t)
satisfies, for every x € S(zo, R(t)),

f (20 R(t)) = u(z) =t ) (2.7)

Ve = 17 eIV ea)l = - (2 800)) =~

where the right-hand equalities come from the chain rules and from the fact that
[IVd(zo,-)|| = 1 outside the cut-locus of zy. Let L(r) be the (n—1)—dimensional
volume of the sphere of radius r, applying the gradient estimate (2.7), we get
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R_(3) R(0)
n=f L ROnEo a= [ Freyas [C 0 re e

R(1) Ri(3)
where R (1) (resp. R_(3)) is the limit of R(t) when ¢t — 3 with ¢ < 1 (resp.

with ¢ > 1). As (by the first equality (2.7)) t — ;R(t) is the inverse of

the (restricted) map f : ]0, Z[U]2Z, [ —» ]1,1[U]0, 1], one has Z,ER(O) =,
0

%R+(%) =3z %R_(%) = 7 and %R(l) = 0. Plugging these estimates into

the equality (2.8), we obtain:

Ja = Vol {B <x0, ( > } Vol [B(zg, R(1))] + Vol [B(zo, R(0))]

)
oo ()
= Vol [B(zo, i0)] + Vol [B <x0, Z))] — Vol [B (azo, iioﬂ
< Vol [B(zo,i0)] < Vol(M, g) ;
it follows that J; # Jo and thus the formula (2.6) is false in the present case.

O

Theorem 2.3.1. (Coarea Formula, see for example [7], pp 104-7). Let (M, g)
be any Riemannian manifold of dimension n, and let f : M — R be a C"
function; for any measurable function ¢ on M,

sup f
z) [[Vf(2)| dvg(z) = x) day(x) | dt .
IRCIVEECEy </fl({t})<p() ()) t

Concerning the first formula (2.6) we find out that
Proposition 2.3.2. Formula (2.6) is valid for every Morse function f, but not

for C* functions f whose set C(f) of critical points admits interior points.

Proof. Let us denote by M’ the open set M \ C(f); when f is C™, the function

||Vf (@)
on the manifold M’ and replace ¢(z) b

is continuous on M’; we may thus apply the above Theorem 2.3.1

(@)
YIV@I

in the integrals; this implies

that

o() . v (1) = 7(‘0(37) a(x ;
L, TercT 9@l /]mff,supf[\af) </f1({t}w @ )) a;

from this and from the fact that f=1({t}) N M’ = f=1({t}) for every t €
Jinf f,sup f[\S(f) [because f~1({t}) c M\ f~1 (S(f)) € M\ C(f)] we deduce
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that

z) dvg(z) = ﬂda x) | dt .
/M\cm(p() o) /hnff,supf[\sm </fl({t}) Vi )> t

(2.9)
If f is a Morse function (or, more generally, if C(f) has measure zero), then
Joy o(@)dvog(z) = fM\C(f) o(z)dvg(x); this last equality and the equality (2.9)
prove the formula (2.6) in this case.
When f is a C* function whose set C(f) of critical points admits interior
points, there exists continuous functions ¢ such that ¢ = 0 on M \ C(f) and
that [, o(x)dvg(x) # 0= [} ¢ () P(2)dvg(x); this last inequality and equality
(2.9) prove that the formula (2.6) is false in this case. O

Remark 2.3.3. In the two previous examples, we take C'*° functions whose
sets of critical points have not measure zero. In fact the two functions f and u
are C*° and the sets C(f) and C(u) contain respectively [-2T, —~Z]U[Z, 3X] and
B (xo, %) \ B (xo, %‘)), and so their measures are strictly positive.
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Appendix A

Maximization of the energy
integral in the plane

We analyze a Dirichlet problem in the plane that is studied in [13].
We consider a disc B in the plane, a subset F' C B with positive measure, a
real number ¢ such that 0 < ¢ < 1 and the Dirichlet problem

—Au=xru? in B
{u:O on 0B. (A1)

We consider only the positive solution u in the Sobolev space H}(B). The
corresponding energy integral is

I(F) = /B |Vul|? d. (A.2)

When ¢ = 0, problem (A.1) has the following physical meaning. It models the
position of equilibrium of an ideal membrane that is fixed on the boundary 0B
and such that there is a weight with unitary density in the region F'.

In [13] we find the following result of symmetry preservation:

Proposition A.0.4. Let 0 < 8 < |B| and let F be the class of all subsets F' of
B such that |F| = 8. A mazimizer of the energy integral I(F) corresponding to
problem (A.1) with 0 < g < 1 in F is a disc concentric with B.

Its proof is essentially based on the following properties on rearrangements [33]:

e if f and g are non negative measurable functions in B then
/ f(x)g(z)dx < / f*(x)g*(x)dz (Hardy-Littlewood inequality)
B B

where f* and g* are the decreasing rearrangements of f and g, respec-
tively;

o ifu € HY(B), u> 0 then u* € H}(B) and
/ |Vu|? dz 2/ |Vu*|?dx  (Polya-Szegd inequality)
B B

where u* is the decreasing rearrangement of u.
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Proof. Tt is known that a positive solution u of problem (A.1) satisfies

1 2
/ \Vul? de = ‘ji <+1><Fuq+1 - |w2> dz
B —q9JB \¢

1 2
_at sup / < xr|w|T — |Vw|2> dz.
I =queniz) /o \a+1

Moreover, if w is a maximizer in the above integral, also |w| is a maximizer.
Thus, we can consider the superior for w > 0. In addition, since w is the unique
solution of problem (A.1), then the maximizer u is unique in the class of positive
functions.

Applying the previous inequalities on rearrangements we get

(A.3)

I(F) :/ \Vu|? de = g+l <2XFuq+1 - Vu|2> dx
B

I—qJp\qg+1

g+1 2 1 2)

<2t- (u*)I — | Vu*? ) do
S B<Q+1XF( ) [Vu™|

qg+1 2 1 9
< A(2)TH = |V2* ) do = I(F™),
<14 B<q+1XF() V2| (£7)

(A4)

where z is the solution of problem (A.1) when F = F*.
The last inequality concludes the proof. O



Part 11

Optimization of the
principal eigenvalue under
mixed boundary conditions
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Chapter 3

Optimization of the
principal eigenvalue

3.1 Introduction

In this chapter we consider an eigenvalue problem which is the generalization of
the following biological problem. We suppose that 2 C R? is a smooth bounded
domain, biologically € is a region where a population lives diffusing at rate D
and growing or declining locally at a rate g(x) (more precisely g(x) > 0 means
a local growth and g(x) < 0 a local decline). We suppose that the boundary 9
is divided in two parts: T' and 9Q \ T', so that the 1—Lebesgue measure of I" is
positive. If ¢(z,t) is the population density, the behavior of the population is
described by the logistic equation
J¢ . +
5t = DA¢+ (g(x) — kd)p in QxRT.
We have Dirichlet boundary condition and Neumann boundary condition, re-
spectively,
+ 99 +
=0 on I'xRT, %:O on (ON\T) x R™.
We denote by A¢ the spatial laplacian of ¢(x,t), k is the carrying capacity and
v is the exterior normal to the boundary 9€2. Thus there is a hostile population
outside across I" and no flux (in either direction) of individuals across 9Q \ T".
Considering the associated eigenvalue problem
. ou
Au+Ag(z)u=0 in Q, u=0 on I, W =0 on 9N\T
and its (positive) principal eigenvalue \,, we know (see [15, 16]) that there is
population persistence if and only if A\; < 1/D.
Given a bounded measurable function gg in €2, we investigate a more general
problem where € is a smooth bounded domain in RY and analyse the problems
of minimization and maximization of Ay, when the weight g(z) varies in the set
of rearrangements G of a given function go(z). The study of these problems is
related to the problem of finding out the most convenient spatial arrangement
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for favorable and unfavorable resources in the region Q.

We study the cases where Q = (0, L) and where ) is an a-sector in depth.

In the last section we consider a case of symmetry breaking for the minimization
problem.

Throughout this part, a decreasing function will be a non-increasing function. If
E C RY is a measurable set we denote with |E| its Lebesgue measure. Moreover,
we say that two measurable functions f(z) and g(x) have the same rearrange-
ment in € if

H{z e Q: fx) 2 f} = {z € Q:g(x) > B} VBER.

3.2 Optimization of the principal eigenvalue in
]Rn

Let Q be a bounded smooth domain in RY, and let go(z) be a bounded mea-
surable function in €2 which takes positive values in a set of positive measure.
Suppose IT" is a portion of I with a positive (N — 1)-Lebesgue measure. Let
G be the class of rearrangements generated by go. For g € G, we consider the
eigenvalue problem

Au+Ag(z)u=0 in Q, u=0 on T, %:O on OO\T. (3.1)

We are interested in the principal eigenvalue, that is, a positive eigenvalue to
which corresponds a positive eigenfunction. Denoting by

W;:{weHl(Q): w=0 on I, /gwgdx>0},
Q
we have Ywld LY
A, = inf Jo| w|2 v _ Jol “92| L (3.2)
wewit Jo 9 wids Jo g ugdx

Remark 3.2.1. We observe that if u, is a minimizer then it is solution of (3.1).
In fact, if u4 is a minimizer we have

fQ |V(ug + 690)|2d37 > fgz \Vug|2dx
Jo9(ug +ep)?dz — [, guldx

for admissible (ug4 + €p). Then,

/guf]dw/ |V(ug+€go)\2d$2 / |Vug|2dx/g(ug+eap)2dx,
Q Q Q Q

and so,

/ gugdx/ (|Vug|® + €|V]> + 2eVuy, - V) dx > / |Vug|2dx/ 9(ul4€*p*+2euyp)dx.
Q Q Q Q

2 is an infinitesimal of higher order than e, we have

2 /v Vods > 2 fﬂw“g'zdx/ d
€ ug - Vodr > 2e~+——— [ gugypdx.
0 7 Joguidz  Jo7

Since €
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Ife>0 f | ‘2
Vugy|*dx
Vug, - Vodr > u/ gugpdr,
/Q I fg guﬁdx Q I
and if e <0
Ug - Viodr < =———— | gugpdz.
q 7 Jo gudr  Jg g
Then f v \2d
U T
Vug - Vipdx = %/ gugpdr,
/Q g Jo gudr  Jgq 9

and so u, is solution of (3.1).
The converse is also true: if u,4 is a solution of (3.1) it is also a minimizer. In
fact, from (3.1) we have

—/ Augugdxzx\g/ guidz,
Q Q

and then by the boundary conditions we conclude that

\ Jo IVugPda
g Jo gutdz
Moreover, ug is positive. In fact, if u, is a minimizer, so is |ug|, hence,
|ug| satisfies equation (3.1). By Harnack’s inequality (see, for example, [49],
Theorem 1.1) we have |uy| > 0 in Q. By continuity, we have either ug, > 0

or ug < 0. We also note that u, is unique up to a positive constant. It is a
consequence of the following theorem.

Theorem 3.2.2. Suppose that X\ is the principal eigenvalue and u is a positive
eigenfunction that solve problem (3.1). If there exists another function v such
that —Av = Agv, then u = cv for some positive constant c.

The proof of uniqueness can be found in [34], although in [34] the authors
study the p-laplacian.

Proof. We consider the weak form of problem (3.1). For u, ¢ € H*(£2) we have

f/ Aupdr = )\/ gupdz.
Q Q

Integrating by parts

ou Oou Op
- —v;d. dr =\ dz,
20 8xiw'0 $+/§28xi8xi * /quw o

and so, using the boundary conditions

ou dp , 1
/93331‘ o, dx = )\/qucpdx, Yo € H (Q).

The function ¢ is a test function, we choose it appropriately

v 2
@:u—u(—) .
U
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We have

then

and so
v\ 2 )
/ |Vul? + |Vul? (*) -2 (7) Vu - Vudr = )\/ g(u® —v?)dx. (3.3)
Q u u Q
For the other solution v we have
/ Vv - Vedr = )\/ guv,
Q Q

choosing ¢ = v — v (%)2 we find

2 2 (U 27 u ) _ 2 2
/Q|VU| + |V (v) 2<U>Vv Vud:vf)\/gg(v u®)dz. (3.4)

We sum (3.3) and (3.4) and we find

2
/(u2+v2) (W_W) dx =0,
Q u v

and then

Vu _ Vv (3.5)
U v
Since v
v(2) ==t -5,
v v
then v v
v U u v
V)
Using (3.5), we have
(2)-0
v
and so, on a connected set
oe
v
O

We also have the following

Theorem 3.2.3. Suppose that there exist Ay and u, that solve (3.1). If there
exist a positive number A and a positive function v such that

Av+Ag(z)v=0 in Q, v=0 on T, %:O on OQ\T, (3.6)
v

then A = Ay and v = cugy for some positive constant c.
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The proof is the same of [35], Corollary 5.6, however, in [35] the authors
consider the case of Dirichlet boundary conditions.

Proof. We argue by contradiction. Suppose that Ay < A.

We take
|k ug >k
Uk = Ug ug <k’

it is a test function. In the weak formulation (3.1) becomes
/ Vuy - Vugpdr = )\g/ gugude. (3.7)
Q Q

For (3.6), we choose ¢ = U”—EE and we find

2 2
/Vv~ <2ukV’uk < el > Vv) dx:A/gv Yk da. (3.8)
Q v+e€ v+eE Q Ute

Subtracting (3.8) from (3.7) we find

2 2

UL Uk
Vup — ——V der =\ dr — A d
/Q< HT e ”) * 9/99“9“” /Qg”v+em’

and then

2
U

0< A de — A dx Ve > 0.
< g/ﬂguguk:v /ngv—l—ex €>

If e -+ 0 and & — oo we have

0< )\g/ guﬁdx — A/ guzdx = (Ag — A)/ guﬁdx
Q Q Q

and then A, > A contradicting the hypothesis. O

For studying the problems

inf A\,, supA,,
g€g g QGIg) g
we need the following results proved in [8] and [9]. We denote with G the weak

closure of G in LP(Q). It is well known that G is convex and weakly sequentially
compact (see for example Lemma 2.2 of [9]).

Lemma 3.2.4. Let G be the set of rearrangements of a fixed function gy €
L>(Q), and let w € LP(Q), p > 1. There exists § € G such that

/gudmﬁ/@udw Vg €g.
Q Q

Proof. Tt follows from Lemma 2.4 of [9]. O

Lemma 3.2.5. Let g : © — R and w : Q — R be measurable functions,
and suppose that every level set of w has measure zero. Then there exists an
increasing function ¢ such that ¢(w) is a rearrangement of g. Furthermore,
there exists a decreasing function ¥ such that ¥ (w) is a rearrangement of g.
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Proof. The assertions follow from Lemma 2.9 of [9]. O

Lemma 3.2.6. Let G be the set of rearrangements of a fired function gg €
LP(Q), p > 1, and let w € LY), ¢ = p/(p — 1). If there is an increasing
function ¢ such that p(w) € G, then

/gwdm§/¢(w)wdx Vgeg,
Q Q

and the function ¢(w) is the unique mazimizer relative to G. Furthermore, if
there is a decreasing function v such that ¥(w) € G, then

/gwde/w(w)wd:r Vg e g,
Q Q

and the function 1 (w) is the unique minimizer relative to G.
Proof. The assertions follow from Lemma 2.4 of [9]. O

We recall that the LI(€2) topology on LP(2) is the weak topology if 1 < p <
00, and the weak* topology if 1 < p < oo [6].

Firstly, we investigate the problem of minimization.
Let G be the closure of G with respect to the weak* topology of L°°(£2). Recall
that G is convex and weakly sequentially compact.

Theorem 3.2.7. Let )\, be defined as in (3.2).
(i) The problem

min A\,

9€g

has (at least) a solution.
(i) If G is a minimizer then § = gb(ui,) for some increasing function ¢(t).

Proof. If g, is a minimizing sequence for inf eg Ay, we have

Vug, |2dz
I=inf A\, = lim A\, = lim fﬂ'i-"”'. (3.9)
geG n—oo "  n—oo fQ In ugndx
We can suppose the sequence ), is decreasing, therefore,
/ |V, |2dz < C’l/ In uindx < 02/ uﬁnda:, (3.10)
Q Q Q

for suitable constants C', Cy. Let us normalize ug, so that

/Quﬁnda; =1. (3.11)

By (3.10) and (3.11) we deduce that the norm |ug, ||g1(q) is bounded by a
constant independent of n. Therefore (see [29]), a sub-sequence of uy, (denoted
again by u,, ) converges weakly in H'(Q) and strongly in L*(£2) to some function
z € HY(Q) with 2(z) > 0in Q, z=0o0n I' and

/ 22dr = 1.
Q
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Moreover, since the sequence g, is bounded in LOO(Q), there is a subsequence
(denoted again by g;,,) which converges to some n € G in the weak* topology of
L>(Q). We have

/ gnugndaz - / n 2idx = /(gn —n) 2z +/ gn(ugn — 2%)du.
Q Q Q Q

Since
lim | (g, —n) 2%dz =0
n— o0 Q
and since
| [ 9nta, = #)da] < Callu, + 2laenlltg, = =Nz
we find
. 2 _ 2
lim [ gpuy dr= / n z°dx > 0. (3.12)
n—oo [ " Q

1
. 2, . .
Furthermore, since ( Jo |Vu|2dx> is a norm equivalent to the usual norm in

HY(Q) with up = 0, we have

liminf/ |Vugn|2dm2/ |V2|2da. (3.13)
Q )

n—o0
2
/nz dz > 0.
Q

Indeed, passing to the limit as n — oo in

We claim that

/ Vug, - Vipdr = g, / Gn Ug, V) dx
Q Q

we get
Vz-Vz/)dx:I/nzwdm, Vi € HY(Q),
Q

szdl'—[ ?]szm.
Q Q

If we had [, |Vz[*dz = 0, we would have z = 0, contradicting the condition
Jq #%dz = 1. And so, the claim follows.
Now, by Lemma 3.2.4, we find some § € G such that

/andxg/g,Zde.
Q Q

Using this estimate and recalling the variational characterization of A\; we find

Q
and

o |VzPda S Jo IV2|2dx

I= Jonz2de — [, g2%dx

Z)\QZI-

Therefore,
inf A, = A,.
;Ielg g g
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Part (i) of the theorem is proved.
Let us prove that § = ¢(u;) for some increasing function ¢. By

Jo IVw|?dx - Jo [Vug|?da
Jogw?dz — [ guide

with w = uy we get

Vg € G, Ywe Wi,

/ g ugdz < / guzd:c Vg € G. (3.14)
Q Q
The function uy satisfies the equation

—A’ILg = )\gg UQ. (315)

Recall that uz > 0 in . By equation (3.15), the function u; cannot have flat
zones neither in the set

Fi={zeQ:§x) <0}

nor in the set
Fy={z€Q:§(z)> 0}

By Lemma 3.2.5, there is an increasing function ¢, (¢) such that ¢1(u§) is a
rearrangement of §(x) on Fy U Fy. Define
= inf ul(x).
o :celfrll\Fl ug(x)
Using (3.14), one proves that uz(x) < ain F (see Lemma 2.6 of [10] for details).
Now define
B = sup ug(x)
zEQ\ Fa
Using (3.14) again one shows that u?](x) > [ in Fs.
Since
sup ¢ (u3) = sup g(z) <0
ho F

we have ¢1(t) <0 for ¢t < «. Similarly, since

. 2 . ~

inf 1 (ug) = inf g(z) = 0
we have ¢1(t) > 0 for t > 5. We put

¢1(t) if 0<t<a
ot)=1{ 0 if a<t<p
¢1(t> if t> 6.

The function é(t) is increasing. Furthermore, qg(ug) is a rearrangement of §(x) in

Q (the functions § and gg(uﬁ) have the same rearrangement on Fj U F5, and both

vanish on Q\ (Fy U Fy)). By (3.14) and Lemma 3.2.6 we must have § = gb(uz).

Part (ii) of the theorem follows with ¢(t) = ¢(t2). O

The following is a continuity result.
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Proposition 3.2.8. Let \; be defined as in (3.2). Suppose g, € G, g € G and
gn — g as n — oo with respect to the weak* convergence in L>(2).
(i) If g(x) > 0 in a subset of positive measure then

lim A, = A,.
Menrol 9n g

(i) If g(x) <0 in Q then
lim A, = 4o0.
n—oo

Proof. To prove Part (i), we use an argument similar to that used in [22] (proof
of Lemma 4.2) in case of Dirichlet boundary conditions and g(x) > 0. Let ug,
be the eigenfunction corresponding to g, normalized so that

/ uzndz =1.
Q

_ Jo [Vug, Pda - Jo [Vug2da
Jo gnul dr ~ Jo gnuldz ’

where w4 is the principal eigenfunction corresponding to g normalized so that

/ ugdx =1.
Q

_ fQ |Vug|?dz
Joguidr

We have
A

In

Since

Ag
we have ) )
Jo IVug|?de \ Joguide

A, < _ .
gn Jo gnuldz g Jo gnuldz

The assumption g, — g with respect to the weak™ convergence in L>(Q) yields

lim gnuidmz/guﬁdm.
Q

Therefore, for € > 0 we find v, such that, for n > v, we have
Ag, < Ag €

It follows that
limsup Ay, < Ay

n—oo

To find the complementary inequality we use the equation

_ 2
—ug, Aug, = Ag, gnty, -

Integrating over €2, recalling that ug, = 0 on I', that the normal derivative of
ug, on 0\ T" vanishes, and using the inequality A\, < Ag + € (for n large), we
find a constant C' such that

/Q Vg, |?de < (Ay + €) /Q gnuznd:lc <C,
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where we have used the boundedness of g, and the normalization of uy, .Then
the norm ||ug, || 1 () is bounded by a constant independent of n. A sub-sequence
of ug, (denoted again by ug, ) converges weakly in H!(2) and strongly in L?(£2)
to some function z € H(Q) with 2 >0, z =0 on I, and

/ 22dr = 1.
Q

2da:2/|Vz|2dm.
Q

Consequently,

liminf [ |Vug,
n—oo Q

Moreover, arguing as in the proof of Theorem 3.2.7 we get

lim gnugndx:/ngdx,
Q Q

n—oo

and as in the proof of Theorem 3.2.7 we cannot have

/\Vz|2da::/n22dx:0.
Q Q

Vu, |*dz Vz|2dx
liminf A\, = liminf fQ | g; > fQ V2]
n—o0 n—o0 fQ gnlg, dzx fQ g 22dx

Therefore, it follows that

Part (i) of the proposition is proved.
To prove Part (ii), we argue by contradiction. Suppose there is a sub-
sequence of A4 , still denoted ), , and a real number M such that

B fQ |Vugn\2d;v -
Jo gnug, dx

/ugﬂdx =1.
o o

/ |Vug, 2dz < M/ gnug, dx < M.
) Q

A

gn

and
It follows that

Therefore, there is a sub-sequence of u,,, (denoted again by u,, ) which converges
weakly in H'(Q2) and strongly in L?(2) to some function z € H*(2), z(x) > 0
z=0on I', and such that
/ 22dr = 1.
Q

Moreover, up to a subsequence, we may suppose that

lim Ay, = \.

n— oo

Forn=1,2, ... we have

/ Vug, - Vipdr = g, / Gntig, vdx  Vip € H(Q).
Q Q
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Letting n — oo we find
/ Vz - Vipde = X/ gzpdz Y € HY(Q).
Q Q

By the latter equation we find z € C1(£2). Furthermore, putting ¢ = z we find

/ \Vz|2da = 5\/ gz2dx <0,
Q Q

where the assumption g(x) < 0 has been used. It follows that |Vz| = 0 in Q.
Therefore, z = 0, contradicting the condition fQ 22dx = 1. O

We recall that a function f: X — Y, where X and Y are Banach spaces, is
said to be Gateauz differentiable at x if there exists a bounded linear operator
T, € B(X,Y) such that for any v € X,

o F@ 80 = f(@)

t—0 t = Twv.

For the maximization problem we need the following result.

Proposition 3.2.9. Let \; be defined as in (3.2), let g > 0 in a subset of positive

measure, and let J(g) = )\i The map g — J(g) is Gateaux differentiable with
derivative ’ )
Tgih) = Jo huZdz .
Jo IVug|?dx

Furthermore, if g satisfies fﬂg(x)da: > 0, the map g — /\ig is strictly convez.

Proof. In case we have Dirichlet boundary conditions, the proof of this propo-
sition is well known (see, for example, Proposition 2.1 of [17]). The same proof
also works under our boundary conditions.

We start proving that the map g — ), is Gateaux differentiable.

We take a subsequence u,, as in Theorem 3.2.7 that converges in L?*(Q) to z.
We claim that z is the maximizer u, of J(g). In fact, from

Jo gnug, dx
J(gn) = W,
Q In

lim gnugnd:v:/gz2dx,
Q Q

n— oo
liminf [ |Vuy,, |*dx > / |Vz[*dx
n—ee Jo Q
and from Proposition 3.2.8 we get

J(g) < [ 97°%dx

= < J(g).
= Jo I Vz[2dx (9)

By the uniqueness of the maximizer we must have z = ug. B
Let ¢, > 0 be a sequence such that ¢, — 0 as n — oco. Let f,g € G and let
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gn =g+ tn(f — g). Since g(x) > 0 in a subset of positive measure, for ¢,, small
enough, also g,(x) > 0 in a subset of positive measure. Since

Jolgn — g)uidx Jo(gn — g)u2 dx

J(g) + < J(gn) < J(g) +

Jo IVug|?dx Jo |Vug, [2dz
we get
Jo(f — g)uZda Jo(f — g)ul, dz
J t, 2 9T < J(g,) < J th—gn.
(9) + o VugPde = (gn) < J(9) + T Vuy, Pz
Then

Jo IVug|?dz — ln = JoIVug, |Pdx

From ; 2
lim fQ(f —Q)Ugndx _ fQ(f—g)ugdx
n— oo fQ |Vugn|2dx fQ |VU9‘2d{E ,

and as the sequence t,, is arbitrary, we have

Hg =g = Ilg) _ fol gt
=0 t o [ VuglPda

(3.16)

We continue proving the convexity of 5. Let ¢ € (0,1). From (3.2), denoting
g
by u; the minimizer u sy (144 We get

A R L N LN
Af+(1—1t)g Jo V|2 da Jo IVug|? da Jo IVug|? da
M+(1,t)fﬂg7u?’dx:ti+(lft)i
= o IVuy|? da Jo IVugl2dz Ay Ay

Since [, go(x)dz > 0, then [, g(z)dz > 0 for all g € G. For f,g € G, we
suppose that equality holds in the previous inequality for some ¢ € (0,1), then

1 _ Joltf + (1 —t)glui da
Af+(1-1)g Jo IVl da
u? dx 2d

:tfﬂf7f+(1,t)wzti+(1,t)i.

Jo [Vuy|? dx Jo IVug|? da A Ag
Since

1 o fui da -1 Jo gui dzx

Mpr-ng  Jo [Vl de Jo IV |? da”

it follows that )
fQ fu?dx Jo futdx

Jo IVw2de [, |Vuys|? da

and )
Jo gu? dx Jo gu; da

Jo IV ug|? da B Jo IVug|? da’




61

and so, by uniqueness of the maximizer, we must have u; = uy = uy.
Moreover, Ay = A4. Since

—AUf = )\ffuf a.e. in Q,

and
—Aug = Agguy a.e. in §,
then
Apfup = Aggug a.e. in §,
and then, we get f = g a.e. in Q. O

Theorem 3.2.10. Let Ay be defined as in (3.2) and let [, go(x)dx > 0. The
problem

max Ag

g€g
has a unique solution §; furthermore, we have § = w(ug) for some decreasing
function ¥(t); finally, if go(x) > 0 then the mazimizer § belongs to G.

Proof. Since the functional g — A4 is continuous with respect to the weak™
topology of L>(Q) (by Proposition 3.2.8), and since G is weakly compact, a
maximizer § exists in G. The uniqueness of the maximizer follows from the strict
convexity of i (see Proposition 3.2.9). Furthermore, since [, go(z)dx > 0, the
maximizer § is positive in a subset of positive measure, therefore, \; is finite
and ug(z) > 0ae in Q. If0<t<1andif g =g+t(g—g),since J(g) is
differentiable (see Proposition 3.2.9), we have

fQ(g - g)“gdx

J(9) gJ(gt):J(g)—i—tW

o(t) as t—0.

Then
/Q(g - g)ugdx > 0.

Equivalently, we have

/ g ugdm > / J ugdm Vg eg. (3.17)
Q Q
The function u; satisfies the equation

—AUQ = )\gg Ug. (318)

By equation (3.18), the function ug cannot have flat zones neither in the set
Fs ={z € Q:g(z) >0} nor in the set Fy = {z € Q: g(z) < 0}. By Lemma
3.2.5, there is a decreasing function ¢ (t) such that 1 (u?) is a rearrangement
of g(x) on F3U Fy. Following the proof of Theorem 2.1 of [10], we introduce the
class W of rearrangements of our maximizer §. Of course, W C G. Define

= inf wul(z).
veiis, U5(®)

Using (3.17), one proves that u?(x) <~ in F3. Define

0= sup uﬁ(a:)
z€Q\Fy
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Using (3.17) again one shows that uZ(z) > § in Fy. Now we put

Ql)l(t) if 0<t<y
0 if y<t<d
w1(t) if t>4.

P(t) =

The function (t) is decreasing and z/;(uz) is a rearrangement of g(z) in Q.

Indeed, the functions § and @(ug) have the same rearrangement on F3 U Fy,
and both vanish on Q\ (F3 U Fy). By (3.17) and Lemma 3.2.6 we must have
g =1(u3) e W.

We observe that, in general, the maximizer § does not belong to G (see next
Theorem 3.11). Assuming go(x) > 0, we can prove that g € G. Indeed, by (3.18),
the function ug cannot have flat zones in the set F' = {z € Q : g(z) > 0}. If
|F| < |9, since g € G, by Lemma 2.14 of [9] we have |F| > [{z € Q : go(z) > 0}|.
Therefore there is g; € G such that its support is contained in F. By Lemma
3.2.6, there is a decreasing function ¢ (t) such that 1 (u?) is a rearrangement
of g1(x) on F. Define

: 2
=i
Using (3.17), one proves that ug(a:) <~ in F. By using equation (3.17) once
more we find that u}(x) < v a.e. in F. Now define

o () if 0<t<y
W)_{ol if £ >,

The function @(t) is decreasing and @(uf]) is a rearrangement of g; € G on .
Indeed, the functions g; and Qﬁ(ug) have the same rearrangement on F', and both
vanish on Q\F. By (3.17) and Lemma 3.2.6 we must have § = ¢(u}) € G. Hence,
in case of |F| < ||, the conclusion follows with () = ¢ (t2). If |F| = |Q], the
proof is easier and we do not need the introduction of the function g;. O

Theorem 3.2.11. Suppose u € H*(Q) N C°(Q) with u =0 on T and % =0
on IQ\T. Here T' C 0 is smooth and is supposed to have a (N — 1)-Lebesgue
positive measure. Let u(x) > 0 in Q and

—Au=AY(u)u a.e. in Q

for some A > 0 and some decreasing bounded function 1. Then, either Au <0
or Au >0 a.e. in €.

Proof. We argue by contradiction. Suppose that the essential range of Au
contains positive and negative values. Since u > 0 and —Au = Ay (u)u, P(t)
takes positive and negative values for ¢ > 0. Let

B = supft : ¢(t) > 0},
Qs ={xeQ:ulx)> B}

By our assumptions, the open set 23 is not empty. On the other hand, since %
is decreasing and u > 0 we have

—Au<0 in Qg, u=p on g \I'z and ?:0 on I'g,
v
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where I'g is a suitable subset of 9Q \ I". By second Hopf’s boundary Lemma, u
cannot have its maximum value on I'g. Therefore, the maximum principle for
subharmonic functions yields u(z) < § in Qg. This contradicts the definition of
Qg. O

3.3 Symmetry

3.3.1 The one dimensional case

We take N =1 and Q = (0,L). First of all, we recall a well known result on
rearrangement that will be useful in the sequel.

Let f : & — R be a measurable function, we denote by f* the decreasing
rearrangement of f, and by f. the increasing rearrangement of f.

Lemma 3.3.1. Let N =1 and Q= (0,L).
(i) If f(x) and g(x) belong to L>=(Q) then
/Qf*(ﬂﬁ)g*(l“)dw < /Qf(x)g(x)dw < /Qf*(ﬂ?)g*(x)dx~ (3.19)

(ii) If u € HY(Q), u(z) > 0 and u(L) = 0, then u* € HY(Q), u*(z) > 0,
u*(L) =0 and

/(u')de > /((u*)’)Qd:ﬁ. (3.20)
Q Q
Proof. See, for example, [1, 33]. O

Theorem 3.3.2. Let \; be defined as in (3.2) with Q = (0,L) and u(L) = 0.
Then, for all g € G we have Ay > Ag=.

Proof. In the one dimensional case we have

- fQ(u’g)zdm

Ag = ;
! Jo g ugdz

(3.21)

where g € G and u, is a corresponding (positive) principal eigenfunction.
Since uy > 0 and (u})® = (u2)*, by (3.19) we find

/ guldx < / g (u;)zdx, (3.22)
o Q

and moreover uy(L) = 0. Applying (3.19), (3.20), and remembering the varia-

tional characterization of Ay« we have

Jo(u))?da - Jo((ug))?dz - Jo(ul)?da
Joguide = [ g* (uh)2de ~— [, g* uZ.dx

)\g: :)\g*.

We apply the previous theorem to the following example.
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Example 3.3.3. For 0 < a < g < L,let g(t) =1 on a subset E with measure
a, g(t) = —1 on a subset F' with measure L— 3, and g(t) = 0 on (0, L)\ (EUF).
By Theorem 3.3.2, a minimizer is the decreasing rearrangement of g

1, 0<t<a,
g =19 0, a<t<p,
-1, B<t<L.

If A > 0 is the corresponding principal eigenvalue and u is a corresponding
eigenfunction, we have to study

Au, 0<t<a,
—u’ =<0, a<t<p,
—Au, B<t<lL,

with 4/(0) = u(L) = 0. We can easily solve this boundary value problem. We
find
cos(VAt), 0<t<a,
u=4 At+B a<t<p,
Ksinh(vVA(L —t)), B<t<L.

Since the function u must be continuous and differentiable for ¢ = « and for
t = 3, the constants A, A, B and K must satisfy the conditions

{ cos(VAa) = Aa + B
—\/Ksin(\/xa) =A,

nd
: K sinh(VA(L — B)) = AB+ B
{ —KVA cosh(VA(L — ) = A.
And so, A and K must satisfy
sin(vVAa) = K cosh(VA(L — B))
and

cos(VAa) + avVAsin(vVA a) = K sinh(VA(L — 8)) + KBVA cosh(VA(L — B)).

Therefore,

cot(vVAa) = tanh(VA(L — 8)) + VA(S — a). (3.23)

The function y(t) = cot(t «) satisfies, for 0 < t < 7/(2c),

_ / TN
y(0) = +o0, y'(t) <0, y(Qa) 0.
Moreover, the function z(t) = tanh(¢(L — 8)) + t(8 — «) satisfies, for 0 < ¢,
2(0) =0, 2'(t) >0, 2(t) <1+tB—a).

We conclude that equation (3.23) has a unique solution A = A(«) such that

1 1
—arctan ——— < VA < 1.
« 1 2a

+VAB - )

Note that A — oo as a — 0.
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For the maximization problem we find the following

Theorem 3.3.4. If fo x)dx > 0, let p such that fo g«(x)dx = 0. Define
g=0for0<z<p, andg—g* forp<ax <L.IfAgis deﬁned as in (3.2) with
Q=(0,L) and w(L) =0, for all g € G we have Ay < A;.

Proof. Let uy be a principal eigenfunction corresponding to g € G, and let
be a principal eigenfunction corresponding to §. Then

_ Jalug)?d fQ( )
Ag = Joguide — ng uZds (3:24)

In addition, the function uy solves the problem
—uy = Aggug, u'(0) = u(L) = 0.

From uf = 0 on (0, p) and v/(0) = 0, we deduce that the function ug is a positive

constant on (0, p). Moreover, since

T
—ug(z) = )\g/o gugdt >0,

ug is decreasing on (0,L). (Recall that we write decreasing instead of non-
increasing). Then

ug = ug, uf? = (uf])*

Since g, is increasing, applying (3.19) we find

L L
/ g uf?da: > / G u;dﬂ;‘. (3.25)
0 0

Moreover, since ug is a constant on (0, p) and since fop gxdx = 0, we have

L P L L
/ Jx u?]da: = c2/ g«dx —|—/ s ugdx = / g uﬁda:.
0 0 p 0

Then, by (3.25) we have

L L
/ g ugdx > / g ugdw.
0 0

From the latter inequality and (3.24) we conclude

fQ )*dx

Ag < nguzdw A

The next example is an application of the previous theorem.
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Example 3.3.5. For 0 < a < L, let g(t) = 1 on a subset E with measure
L —a,and g(t) = 0 on (0,L) \ E. By Theorem 3.3.4, the maximizer is the
function
_J 0, 0<t<a,
g*_{ 1, a<t<L.
If A > 0 is the corresponding principal eigenvalue and u is a corresponding
eigenfunction, we have to study

= 0, 0<t<a,
Tl Au, a<t< L,

with 4/(0) = (L) = 0. We can solve easily this boundary value problem. We
find
|1, 0<t<a,
sin(VA(L —t)), a<t<L.
Since the function v must be continuous and differentiable for ¢ = «, we obtain
that A > 0 must satisfy the condition
T
A= ——.
vA 2(L — «)
Remark 3.3.6. The statements of Theorems 3.3.2 and 3.3.4 still hold for the
following problem. Let = (0, L) x (0,£). Let

{uzO on {x; =L},
Ju=0 on {z; =0}U{wy =0} U{zy =1}

We suppose that the function gy depends on z; only, and the class G is the
(restricted) family of all rearrangements of gy in 2 depending on z; only. In
this particular case, the principal eigenfunctions depend on x; only, and the
optimization of the corresponding principal eigenvalue is essentially a one di-
mensional problem.

3.3.2 The a-sector
In this paragraph the domain €2 in polar coordinates (r, ) is
D={0<r<R, 0<0<a}l, (3.26)

where we suppose 0 < a < 7.

For a function f € L?(D), we denote by f* the radial decreasing rearrangement
of f and by f. the radial increasing rearrangement of f. We recall that f*
depends only on r and it is decreasing and f, depends only on r and it is
increasing (see [1] for more details).

We will use the following

Lemma 3.3.7. If f,g € L?(D) we have

/Df*g*dxg/ng dmg/Df*g*d:C. (3.27)

Ifue HY(D), w >0 and u = 0 on r = R, then, u* € HY(D), u* > 0 and
u* =0 on r = R. Furthermore,

/\Vu|2dx2/ |Vu* | d. (3.28)
D D
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Proof. See [1], pages 73-75. O

For the minimization problem we have

Theorem 3.3.8. Let \; be defined as in (3.2), where Q = D is the a-sector
defined in (3.26) and I' is the portion of 0D with r = R. Then Ay > Ag=.

Proof. If )\, is the corresponding principal eigenvalue, applying inequalities
(3.27) and (3.28) we have

\ Ip [Vug|*dx - Ip |V |?de N [p [Vug-|?dx
g Jpouide — [pg*(up)?de = [, g*ul-dx

We observe that, since ug > 0 in D and it vanishes on I', also u; >01in D and
vanishes on I'. O

= Ag-.

Example 3.3.9. We take E and F as two disjoint subsets of D,and let G be
the class generated by go = xg — xr. Then we find g* = xp — Xz, where

E:{(T,G)ED: 7’2§%E‘|},

2|F
F:{(T,9)€D5 7‘2ZR2—L}.
a
Theorem 3.3.10. If [, g(x)dz > 0, let D, C D be the a-sector such that
Jp g«(x)dx = 0. Define g =0 for x € D,, and § = g. for D\ D,. Let A, be
defined as in (3.2), where Q = D is the a-sector defined in (3.26) and T is the
portion of 0D with r = R. Then Ay < Ag.

Proof. Let ugy be a principal eigenfunction corresponding to g € G, and let ug
be a principal eigenfunction corresponding to §. Then we have

- In (Vg |2dz - In |Vug|?dx

Ay = .
g ngugdx - ngugdac

(3.29)

On the other hand, the function u4 solves the problem
—Aug = A\ggug in D,

with v = 0 on I and up = 0 on the segments § = 0 and § = «. Since the
solution uy is radial and since § = 0 for € D, its derivative (with respect to
r) is a constant in (0, p).Moreover, since u/(0) = 0, this constant must be zero,
and then the function uy is a positive constant in D,. Furthermore, since

—rug(r) = )\g/o tgugdt > 0,

ug(r) is decreasing on (0, R). Then

Hence, since g, is increasing, by (3.27) we have

/gugdmZ/g* ugdac. (3.30)
D D
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Moreover, since uy is a constant in D, and since [ p g«dr =0, we find
P

/ Jx u%da: = 02/ g*dx—i—/ s ugdx :/ gugdm.
D ) D D\D, D

P

Therefore, by (3.30) we find

/gugdmZ/ gugdx.
D D

by the latter inequality and (3.29) we conclude

\ <fD|Vug|2dx: )
I [ guida o

O

Example 3.3.11. We take two disjoint subset E and F' of D such that |E| >
|F|. If G is the class generated by go = xg — Xr, thenthe maximum of A, is
attained in § = xg, where G is the set

251 1F)y

G:{(r,G)ED:rzszf "

If |E| < |F|, we have sup Ay = +o0.

3.4 Symmetry breaking

For the minimization problem, we find that, despite the symmetry of the data,
the solution may not be symmetric.

Theorem 3.4.1. Let N = 2 and ) = B, o412, the annulus of radii a, a + 2.
Suppose go = xg, where E is a measurable set contained in ) and such that
|E| = mp2, 0 < p < 1. Let G be the family of rearrangements of go. Consider
the eigenvalue problem (3.1) in Q with I' being the circle with radius a+2. If a
is large enough then a minimizer of Ay in G cannot be radially symmetric with
respect to the center of Bg q+2.

We recall that

Vwl|?d
)\ginf{W, we H(Q): w=0 on T, /gw2d1>0}.
Jo gwida Q
(3.31)

The idea for the proof is the following. Firstly we take a function gy that is not
radially symmetric to the centre of B, 442 and we prove that A\, has an upper
bound independent of a. Then, we suppose that ¢ = xp where F is radially
symmetric with respect to the centre of the annulus. Finally, we prove that
Ag —» 00 as a — 00.

Proof. Let E = B, be a disc with radius p and such that its center zg lies on
|z| = a+1. If g = x,, the function z = (p® — |z — x0|?)* vanishes on I, hence,
if |[x — zo| =7,

Jp, IVz*dz JC arddr 6
A, < 2B b _s

< . 3.32
pr 2de [Pr(p2—r2)2dr (3:32)
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We observe that this upper bound is independent of a.

Now we suppose g = xg, with E radially symmetric with respect to the cen-
ter of By q12. With 7 = |z|, put g(z) = h(r) = xg,, E1 being the intersections
of E with a ray of B,2. The corresponding eigenfunction is radially symmetric
(by uniqueness), and the inferior in (3.31) can be taken over all v € H! , (the
class of radially symmetric functions in H'(Q2)) with v(a + 2) = 0. We have

a+2 N24
)\g:inf{w, veH.,: v(a+2):0}.
We find

a

L r@dr oy a@)de o [0

[ rho2dr ~ [P (a+2)ho2dr o+ 2 [T p2dr
The 1-measure of E; depends on the location of E, however we have

|Er| < Va2 +p?2 —a:=4.

Note that £ — 0 as a — oo.
Using classical inequalities for decreasing rearrangements we find

Sl A i (00 U

> Ja > , 3.33
f;“thdr N T2 (v*)2dr fil g* wadt (3.33)
where w(t) = v*(r), t=r — (a+1), and
« )1, Sl<t< =1+,
9710, —-14+¢<t<l.
We have
1 "2
w’)*dt
g > — inf{f;l( ydt we HY(-1,1), w(l):O} =% A,
a+2 [, grw?dt a+2
(3.34)

To find A = Agy-, we look for a positive solution of the problem

o Az, —1<t<—-1+/4,
1 0, —-1+i<t<,

with 2/(—1) = z(1) = 0. We find

_J cos(VA(t+1)), —1<t<—1+1,
1 A1 -1 —lHl<t<],

where A, and A satisfy
cos(VAL) = A(2— ), VAsin(VAL) = A.

It follows that

VA tan(vVAl) = ZL—K

Since £ — 0 as a — oo, the latter equation shows that we must have A — oo
as a — oo. Then, by (3.34), we find also A — co as a — co. The latter result
together with (3.32) allow us to conclude that a minimizer § of g — A, cannot
be symmetric for a large. O
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Remark 3.4.2. If we switch the role of I' and I'y in the Theorem 3.4.1, that
is I is the circle of radius a and TI'; is the circle of radius a + 2, the same proof
works with the following change. We have

a+2 n24
)\g:inf{w, veH.,: v(a):O}.

In this case £ :==a+2—+/(a+2)? — p and |Ey| > ¢.
Instead of 3.33, we use classical inequalities for increasing rearrangements and
we find
f;+2(v/)2dr - f;+2<(v*)/)2dr . f,ll(w/)th
[ ho2dr — f:+2 he (vi)2dr f_ll ge w2dt’

a

where w(t) = v*(r), the change of variable is the same t = r — (a + 1), and

1, —1<t<1-1,
=10, 1-t<t<l.

We have

a
— i
(3.35)

we HY (-1,1), w(l)=0p =

?_inf { S w2t

g T2 T Yl
ffl g-w=dt
To find A = A,,, we look for a positive solution of the problem

o A It <1,
Tl 1-t<t<l,

with z(—=1) = 2/(1) = 0. We have

[ A+, -l1<t<1l-¢,
T cos(VA(L—1t) 1—fL<t<],

where A, and A satisfy
A2 —0) = cos(VAL), A= +Asin(VAL).

It follows that

VA tan(VAL) = ﬁ

And so, the conclusion is the same.

For the maximizer the situation is different. In fact, since we have uniqueness
of the maximizer (for a class G generated by go = xg), we cannot have symmetry
breaking for any annulus.

In Remark 3.3.6 we considered the bi-dimensional problem (3.1) in the rect-
angle (0, L) x (0,¢) with T being the portion of 9 with ;1 = L, and G being a
class of rearrangements of a function g depending on x; only. We observed that
it is essentially a one dimensional problem. One may ask what happens if G is
the entire family of rearrangements. We prove that for large ¢ we have a sort of
symmetry breaking.
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Theorem 3.4.3. Let N =2 and 2 = (0,L) x (0,¢), £ > L. Suppose go = XE,
where E is a measurable set contained in Q and such that |E| = mp*, 0 < p < %
Let G be the family of rearrangements of go. Consider the eigenvalue problem
(3.1) in Q with T being the portion of OQ with x1 = L. If £ is large enough then
a minimizer of Ay in G cannot be a set of the kind K x (0,¢).

Proof. If E = K x (0,¢), our problem is essentially one dimensional, which
we have treated in Remark 3.3.6. The minimum of the eigenvalue (for this kind
of sets F) is attained when E = (0,7) x (0,¢), with 7 = “T’fQ. By Example 3.3.3
(with o« = 7 and 8 = L) it is clear that Ay — 00 as ¢ — co. On the other hand,
if we take £ = B,, a ball with radius p, settled in Q far from 052, the same
computation which leads to (3.32) shows that Ap, is bounded independently of
£. The theorem follows.
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