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Introduction

Our work fits in the context of symplectic geometry and, in particular, the
aim of this work is to compute minimal symplectic atlases for classical Her-
mitian symmetric spaces of compact type.

A symplectic manifold (M, w) is a 2n-dimensional manifold M equipped with
a closed and nondegenerate 2-form w. The basic example of symplectic man-
ifold is R*" equipped with the standard symplectic form wy = 3 j dz; Ady;.
The first interesting result about symplectic geometry is that for all p € M
there is a symplectic embedding ¢ of the 2n-dimensional ball equipped with
the standard symplectic form (B?"(r),wp) in (M,w) such that p(0) = p.
This result gave rise to the introduction of an important symplectic invari-

ant cg called Gromov width:
cg(M,w) = sup {7T7“2| Jp: (B2n(r),w0) — (M,w)}
In [21] Rudyak-Schlenk introduced the invariant:
Sp(M,w) :== min{k|M =B, U---UBy}

where B is the image of a Darboux chart ¢(B?") C M. This is the minimal
number of symplectic charts needed to cover (M,w). An immediate lower
bound for Sp(M,w) is A(M,w) := max{T'(M,w); B(M)} where B(M) is the

number of charts of a minimal (not necessarily symplectic) atlas and

N'M,w) = {WJ +1,

the braket |z] denoting the maximal integer smaller than or equal to x.

Their main result about minimal atlases in [21] is the following
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Theorem 1. i) If A\(M,w) >2n+ 1 then Sp(M,w) = A\(M,w).
i) If N(M,w) <2n+1 thenn+1 <A M,w) < Sp(M,w) <2n+ 1.

It is then clear that problem of computing the invariant Sp(M,w) is
strictly related to the knowledge of the Gromov width of (M,w).
If we consider a 2n-dimensional projective variety M in CP? the result
can be presented in terms of the degree of the embedding F : M — CP4.
Indeed such a manifold is Kéhler when equipped with the restriction wys of
the Fubini-Study form wgg of CP?. Moreover the volume of such a manifold
is related to the volume of CP" by the formula Vol(M) = deg(F')Vol(CP").
Thus we get the following:

Corollary 2. Let (M,wyr) be a projectively induced Kdhler manifold with
deg(F)m"

M =mr? If —————
colMheont) =T M)

> 2n then Sp(M,wyr) = deg(F)/r?"+1.

In particular this corollary implies that for a projectively induced Kéhler
manifold (M, wys) it is sufficient to know cq(M,wpr) and the degree of the
embedding in order to compute the invariant Sp(M,wpr). Unfortunately
computing the Gromov width of a symplectic manifold is usually a very
delicate problem. However in [12] Loi-Mossa-Zuddas calculated the Gromov
width of Hermitian symmetric spaces of compact type. In this thesis, using

the above results, we prove the following:

Theorem 3. Let (M,w) be an irreducible compact Hermitian symmetric
spaces of type LII or III. Then Sp(M,wyr) = deg(F)+1 when the dimension
of M is sufficiently large.

Moreover, using the work of Loi-Mossa-Zuddas, we are able to extend
this result to product of these spaces. Unfortunately the irreducible com-
pact domain of type IV @), does not satisfy the hypothesis of corollary 2
thus we cannot compute Sp using the same arguments.

Nevertheless, in the last part of the thesis, we provide an explicit construc-
tion of a full symplectic embedding of @, namely a collection of symplectic
embeddings ¢; : B>(1) — Q,, such that |, v;(B27(1)) = Q.
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Chapter 1
Symplectic geometry

This chapter is dedicated to the basic notions the reader will need through-
out the thesis. It is meant to be an overview of some concept of symplectic
geometry we will use in next chapters. Helpful introductive readings on sym-
plectic geometry are [17, 18]. We will not present an exhaustive study of
symplectic geometry, neither of the other fields we consider along the chap-
ter, indeed we only give an introduction to the topics and fix the notation.
However we will introduce some important ideas and results which justify
the interest in this subject. The chapter is organized as follows. In the first
section we introduce symplectic manifolds and give an overview of the prop-
erties which are related to the symplectic structure. In section 2 we focus on
the problem of symplectic embedding and present Gromov’s nonsqueezing
theorem which plays an important role throughout next chapters. Moreover
we introduce symplectic capacities and, in particular, Gromov width. In the
last section we focus on Hermitian symmetric spaces, which we regard from

the point of view of Lie theoretic methods.

1.1 Symplectic manifolds

Let us start with the definition of symplectic vector space:

Definition 1.1. A symplectic vector space (V,w) is a finite dimensional real

vector space V with a bilinear form w satisfying the following properties

1. w(u,v) = —w(v,u),
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2. Yo #0 €V thereis u € V s.t. w(u,v) #0 (nondegeneracy)
An example that plays an essential role in this context is (R?", wg) with
wo(u,v) = (Ju,v) Vu,v € R
where (,) is the Euclidean product in R?® and .J is the standard complex
0 Id
J =
—Id 0

with respect to the splitting R?” = R”™ x R™. This splitting allows us to
identify R?" with C" via the map

structure

(z,y) € R*™ i x4 iy € C".

Note that under this identification the linear map .J corresponds to the
multiplication by —i.

Back to the general context we want to point out that the bilinear form w
gives rise to a notion of orthogonality: we say that two vectors u,v € V
are orthogonal to each other if w(u,v) = 0. If E is a linear subspace of
V then we call E+ its orthogonal complement. As a direct consequence of

nondegeneracy property we get
dim E + dim E+ = dim V/

However this notion of orthogonality is quite different from the usual one.
For instance the subspaces E and E+ do not need to be complementary

subspaces: e.g. if dim F = 1 then E C E* since for all v € V it holds
w(v,v) = —w(v,v) =0.

If E C V is a subspace such that E C E+ then F is called an isotropic sub-
space. Moreover the restriction of w to a linear subspace F is not necessarily

nondegenerate, if it happens we call F a symplectic subspace and we have

V=E®E".
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The following proposition contains the most important properties of sym-

plectic vector spaces.

Proposition 1.2. The dimension of a symplectic vector space (V,w) is even.
Moreover if dimV = 2n then there exist a basis e1,...,en, f1,..., fn of V

satisfying, fori,j=1,...n

w(ei, e;) =0
w(fi, f5)
w(ei, f;)

0
6@7]
Such a basis is called a symplectic (or canonical) basis of V.

Proof. Choose a non-zero vector e; € V. By nondegeneracy of w there exist
v € V such that w(e;,v) # 0. Now normalize fi; = awv so that w(ey, f1) = 1.
We see that E =span{ej, f1} is a 2-dimensional linear subspace of V. If
dim V' = 2 the proof is complete, otherwise we apply the same argument to

E* and we prove the claim in finitely many steps. O

Proposition 1.2 implies that, if u,v € V with respect to the symplectic

basis are given by

n
u = E Ti€; + Tnyifi

i=1
n
V=" vi€i + Ynyifi
i=1
then
w(u,v) = (Jz,y) z,y € R™

In addition the subspaces V; =span{e;, f;} are symplectic and orthogonal

to each other so that V' can be decomposed as
V=helWre eV,

Now let us consider linear a map A : (V,wy) — (W, wy) between symplectic

vector spaces such that A*wy = wy, where A* is the so-called pullback of
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A that is (A*ww)(u,v) = ww(Au, Av). Such a map is called symplectic.
The following proposition gives an essential characterization of symplectic

vector spaces.

Proposition 1.3. If (Vi,w1) and (Va,ws) are two symplectic spaces of the

same dimension then there exist a linear isomorphism A : Vi — Vo such that

A*wy = wy

Proof. This comes from Proposition 1.2. We choose symplectic bases (e;, f;)
of V1 and (é;, f]) of V5 and we define A : V; — V5 by

Aej = éj, Afj = fj
for 1 < j < n. Then by definition of symplectic basis we get A*ws = w1. [

It means that two symplectic spaces of same dimension are symplectically
indistinguishable and makes the study of symplectic vector spaces not really
interesting. Thus we want to generalize from vector spaces to manifolds and

we will see that new properties arise in this context.

Definition 1.4. A symplectic manifold (M,w) is a differentiable manifold
M equipped with a closed nondegenerate 2-form w. Here nondegeneracy
condition means that for every tangent space Tp,M if wy(u,v) = 0 for all
v € T, M then u = 0.

From this definition we clearly see that every tangent space T,M is a
symplectic vector space with the bilinear form w, and we conclude that M
must be even-dimensional. In the context of symplectic manifolds there
exist a ”standard model” that is (R?", wg) where we write a point in R?" as

(1., Tn,Y1,---,Yn) and the so-called standard symplectic form is

n
wo = Zda:i A dy;.
=1

Other examples of symplectic manifold are:
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1) Any orientable surface ¥ equipped with a volume form v is a symplec-

tic manifold since a volume form is closed and nondegenerate.

2) The complex projective space CP™ with the so-called Fubini-Study

form wpg, which in homogeneous coordinates [zg : ... : 2], is given by
_ a5 2 2
Wrs = %8810g(|z0| + 4 zn]9). (1.1)

3) The product of any two symplectic manifolds (My,w;) and (Ms,ws)

is symplectic with the form w; ® ws.

Definition 1.4 also implies that 5 = (Aw)™ is a volume form on M due

to the nondegeneracy of w. The volume of (M, w) will then be

1

iy (1.2)

We will see in this chapter that symplectic geometry is substantially
dissimilar from Riemannian geometry. The first difference we can observe by
now is that every symplectic manifold carries a Riemannian structure while
not every 2n-dimensional manifold admits a symplectic structure. Consider
for example the sphere S?" and suppose w is a symplectic form on S$?7. In
particular w = da for some 1-form « since H?(S?") is trivial. That means

the volume form § = (Aw)" is exact that is it can be written as § = dvy

where vy = w A --- Aw A a. In conclusion, by Stokes Theorem, we have

Lo fus
S2n 0.52n

which is impossible for a volume form.
The following Theorem justifies the term ”standard model” we used

introducing (R?", wp).

Theorem 1.5 (Darboux). Let (M,w) be a symplectic 2n-dimensional man-

ifold and p € M. There exist coordinates (U,p) with U C R?" such that
(0) =p and

W = wp.

Proof. If we choose any local coordinates we can assume that w is a sym-
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plectic form on R?” depending on z € R?" and that p corresponds to the

origin. Furthermore by a linear change of coordinates we can manage w to

w(0) = Zda:i A dy;.
i=1

We can do that thanks to Proposition 1.2. Now the goal is to find a local
diffeomorphism ¢ in a neighborhood of z = 0 leaving the origin fixed and
such that ¢*w = wy.

The technique employed to prove this is called the deformation method of

J. Moser. We define a family of forms interpolating w and wg by
wr = wo + t(w — wp) 0<t<1
and look for a family of diffeomorphisms ¢; such that ¢y = Id and
drwr = wo 0<t<l1. (1.3)

Our solution will be then the diffeomorphism ¢;. We want to construct ¢
as the flow of a vector field X;. Thus we look at the conditions that the
vector field X; must satisfy. Differentiating (1.3) we get

0= %(qf)t)*wt = (¢t)*{£tht + jtwt}

where £x is the Lie derivative of the vector field X. By Cartan identity

and assuming dw; = 0 we get
0= {d(Ltht) +w-— wo}
then X; must satisfy the equation
0= (tx,wt) +w— wo (1.4)

In order to solve this equation note that, since w — wy is closed, then it is
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locally exact and there exist a 1-form A so that
w—wp=d\ and \0)=0

Observe that since w;(0) = wp the forms w; are nondegenerate in an open
neighborhood of the origin. Hence there is a unique vector field X; which

solves the equation (1.4) and it is given by
tx, (W) = we(Xy,-) = —A 0<t<1

There is an open neighborhood of z = 0 in which the flow ¢; of X} exist for
0 <t <1, moreover ¢:(0) = 0 and ¢9 = Id since A(0) = 0 implies X;(0) = 0.

By construction this famlly of diﬁeomorphism satisfies
—(p)'wr =0, 0<t<1
_ .
lt t t ) >t =

Thus (¢¢)*wr = (Po)*wo = wp for 0 < t < 1 and this proves the Theorem. []

Remark. In short Darboux Theorem means that every 2n-dimensional sym-
plectic manifold looks locally like R?” with the standard symplectic form

that is: there is no local symplectic invariant other than the dimension.

Extending this concept we will call ¢ : (M1,w1) — (Ma,w2) a symplec-
tomorphism between two symplectic manifold (Mj,w;) and (Ma,ws) if ¢
is a diffeomorphism such that ¢*ws = wy. If dim(M;) < dim(Ms) we call
symplectic an embedding ¢ such that

O*wy = wy.

This makes symplectic geometry sharply different from Riemannian ge-
ometry where one can easily find local invariants (consider for example the
Gaussian curvature). We should then focus on the construction of global
invariants.

The first (even though trivial) example is the symplectic volume defined in
equation (1.2). In fact if ¢ : (My,w1) = (Ma2,ws) is a symplectomorphism
and 5; = (Aw;)" (i = 1,2) then ¢*Bs = ;. Furthermore since ¢ preserves
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orientation we get

"By = B2
My Mo

and we conclude that

/M1 p1 = " Ba.

Conversely one cannot expect that two symplectic manifolds with same vol-
ume must be symplectomorphic. Still we will show that it holds in the
special case of closed connected oriented 2-manifolds. Closed connected
symplectic surfaces can be indeed classified by the Euler characteristic and

total volume. This result comes from the following more general

Theorem 1.6 (Moser). Let M be a closed connected m-dimensional mani-

fold and let o and B be two volume forms such that

o),

Then there is a diffeomorphism ¢ such that ¢* = a.

Proof. The technique is the same we used to prove Darboux Theorem. The
only difference is that here we are looking for a global result instead of a
local one. It is obtained by compactness of M and by the existence of a
(m—1)-form « on M such that dy = (o — ). The existence of ~ is given by
the fact that (o — 3) is closed and therefore exact since H™ (M) = 0. [

Another concept that arises naturally with the symplectic structure is
that of Hamiltonian vector field. Let then (M, w) be a symplectic manifold.
In order to introduce Hamiltonian vector fields note that since w is non-
degenerate it induces an isomorphism between vector fields and 1-forms by
X +— txw. In particular if H : M — R is a smooth function then we can

consider the vector field Xy correspondent to the 1-form dH:
txpw =w(Xpy, ) =—dH. (1.5)

This distinguished vector field is called the Hamiltonian vector field belong-

ing to the function H. Since dw = 0 combining equation (1.5) with Cartan
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identity and ddH = 0 we deduce
Lxyw=0

Now if ¢! is the flow of X we see that

d

ﬁ(got)*w = (cpt)*i,’XHw =0.

It follows then from (¢")*w = w that the flow of an Hamiltonian vector
field leaves the symplectic form invariant. Hamiltonian vector fields are also

invariant under symplectomorphisms as shows the following:

Proposition 1.7. If u : M — M 1is a symplectomorphism then for every
smooth function H : M — R it satisfies the equation

WXy = XHou
Proof. The claim follows from the nondegeneracy of w and the calculation

(X pouw = —d(H ou) = —u*(dH)
=u"(Lpw) = tyrx, (UWw)

= Ly X W.
]

In order to conclude our brief introduction to symplectic manifolds we
want to underline that given a symplectic structure on a even-dimensional
manifold we can construct an auxiliary structure which assume an important

role.

Proposition 1.8. Let (M,w) be a symplectic manifold. There exist on M

an almost complez structure J and a Riemannian metric (-,-) such that
w(X,JY)=(X,Y) (1.6)

The condition above is called taming condition and we will call such

an almost complex structure an w-tame J. Note that in R?" the triple
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(wo, 90, Jo), where Jy is the standard complex structure, satisfies the taming
condition. Moreover proposition 1.8 gives an expression of a Hamiltonian
vector field X in terms of the gradient VH of the generating function H
with respect to the metric (-,-) that is

Xpu(p) = JVH(p) € T,M.

If (M,w) is a complex manifold we can define a richer structure on M:

Definition 1.9. A complex manifold M is called a Kéahler manifold if it
admits a symplectic form w and a Hermitian metric ¢ such that for all
X, YeTM

g(X,JY) =w(X,Y)

where J is the complex structure on M. We will then call w a Kéhler form

and g a Kéhler metric.

1.2 Symplectic capacities

We will see in this section that symplectic geometry is much more rigid
than it seems at first glance. One of the first problems which arises is that
of symplectic embedding. Starting by a simple case one can ask which are
the conditions for the existence of a symplectic embedding ¢ : U — V from

an open domain U in R?" to another open domain V.

Clearly, since ¢ is volume preserving, a necessary condition must be
Vol(U) < Vol(V) and it turns out that the condition Vol(U) < Vol(V) is
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already sufficient to guarantee the existence of a volume preserving diffeo-
morphism. Thus the question is whether there are symplectic obstruction
to the existence of a symplectic embedding. Consider for example the ball
B?"(R) of radius R in R*" and the cylinder

Z%(r) = {(z,y) € R*"| 2% + 23 < r?}.

In this case the volume of B2*(R) is finite unlike the volume of Z2"(r), and
we can construct a symplectic embedding ¢ : B¥*(R) — Z2"(r) for every

r, R € R which is indeed given by

1 1
@(x,y) = (Exl,E.CUQ, <oy T, gylv gy% B 7yn)

for e sufficiently small. The problem changes radically if we replace Z2"(r)
by
ZQ”(T) = {(x,y) € R2”| :L'% + y% < 7‘2}.

We can notice that in this case case the plane Span{z1;y;} is a symplectic
subspace in contrast with the first case. One could try, in analogy with the

previous situation, to define the embedding

1 1
U(x,y) = (exq, gxg, ey T, EYL, gyg, ceYn)

Unfortunately in this case v is a volume preserving embedding for e
small enough but it is symplectic only if € = 1 that is when R < r.
One can think to do better with nonlinear maps but next theorem shows

that it is not possible.

Theorem 1.10 (Gromov’s Nonsqueezing Theorem). There exist a symplec-
tic embedding o : B> (R) — Z*"(r) if and only if R <.

Gromov’s nonsqueezing theorem was the first step to understand the
rigidity of symplectic geometry. It gives us the idea that the behaviour of
symplectic embeddings might be very different from how one can imagine
it.

In order to present the idea of Gromov’s proof we introduce the concept of

J-holomorphic curves. Consider the set J of all w-tame J that is nonempty
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<’ \; (w1, y1)-plane

Figure 1.1: Embedding B?*(R) in Z*"(r)

by proposition 1.8. It can be proved that [ is contractible, hence one can
find invariants of (M,w) looking at those of the almost complex manifold
(M, J) which do not depend on the choice of w-tame J. In order to find his
invariant Gromov looked at the maps of Riemannian surfaces with complex
structure j:

u:(3,7) = (M,w)

satisfying the generalized Cauchy-Riemann condition
duoj=Jodu (1.7)

Such maps are called J-holomorphic curves. Since equation (1.7) is el-
liptic the solution spaces have nice properties.
In particular it turns out that, for a w-tame J, the space M(A, J) of solu-
tion in a homology class A is finite dimensional. Moreover, even if M(A, J)
is not compact because curves can degenerate, the taming condition allow
us to understand and control these degenerations and then compactify the
space of solutions.
Now, since the space J is path-connected, given any two w-tame J we can
construct a path J; joining them such that so that the spaces of solutions

M(A, J;) for all t € [0, 1] give us a cobordism between the solution spaces
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at 0 and 1. In many cases this cobordism is compact meaning that the
properties of M(A, J) which are cobordism invariant do not depend on the
choice of J.

Then Gromov defined his invariant counting the number of J-holomorphic
curves (with given genus in a given homology class) that pass through a
fixed number of points or cycles.

We will show now how Gromov used this construction to prove theorem
1.10. Note that the symplectic area of a Jyp-holomorphic curve S properly
embedded in B?"(R) passing through the origin is at least 7R2. This comes
from the fact that Jy-holomorphic curves are complex curves in the usual
sense and so are minimal surfaces with respect to gg. Moreover one can
easily see that the gp-area of a complex surface S equals the symplectic area
f 5 Wo- Thus the claim follows from the well known fact that the minimal
surface through the origin is the flat disc.

We now consider an embedding of the ball B?"(R) in the cylinder Z2"(r).
On the image we have the pushforward of Jy which we can extend to a wp-
tame J near the boundary of the cylinder. Then J extends to the compact
manifold S? x R?"~2 obtained by closing up the cylinder.

Now the product almost complex structure on S? x R?"~2 is generic (that
means we are in the situation we described above). Moreover if J is the prod-
uct almost complex structure than there is a unique (up to reparametriza-
tion) flat J-holomorphic 2-sphere through every point.

Thus the value of the Gromov invariant that counts the number of spheres
in the homology class [S? x pt] is 1. Since this value does not depend on the
w-tame J, there is at least one J-holomorphic sphere ¥ through the image
of the center of the ball where J equals the pushforward of Jy on the image
of the ball.

Note that the symplectic area of ¥ depends only on its homology class and
hence it is 7(r +¢)? for arbitrary small ¢ (the term ¢ appears with the com-
pactification of Z2"(r)).

We now look at the inverse image S of ¥ in B2"(R):

For what we have seen above the area of S must be at least mR2, but

since symplectomorphisms preserve area it has to be less than the area of ¥
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Figure 1.2: The surface S in B?"(R)

which is 7(r 4 €)2. Since ¢ is arbitrary small we get R < r which proves the

theorem.

This theorem has been generalized later generalized by McDuff and Lalonde
([10]) in the following form:

Theorem 1.11. For any symplectic 2n-dimensional manifold M there exist

a symplectic embedding
¢ : B*™"2(r) = B*(R) x M
if and only if r < R.

Remark. Roughly speaking the symplectic obstruction to the existence of
a symplectic embedding ¢ : (M,wy;) — (N,wy) is related to the size of
surfaces in the manifolds M and N, that means symplectic geometry regards

surfaces rather than curves.

From this concept and Darboux theorem arises the key idea to define a
global invariant called Gromov width. Indeed we can symplectically embed

a ball B?"(¢) of radius ¢ small enough in every symplectic manifold (M, w)
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of dimension 2n thus it makes sense to ask which is the bigger ball that can
be embedded in M.

Definition 1.12. The Gromov width c¢g(M,w) of a symplectic 2n-dimensional

manifold is
ca(M,w) = sup {71'7"2‘ o (B*(r),wo) — (M,w)} (1.8)

where ¢ is a symplectic embedding.

It is then clear from the previous remark on the proof of nonsqueezing
theorem why the Gromov width of a manifold is defined as in (1.8). We will
now investigate the properties of Gromov width in a more general context.
Gromov’s nonsqueezing theorem gave rise to the concept of symplectic ca-
pacity which is a generalization of that of Gromov width.

The definition we give is due to Ekeland and Hofer ([2]):

Definition 1.13. A symplectic capacity is a functor ¢ which assigns to
every symplectic manifold (M,w) a nonnegative (possibly infinite) number

¢(M,w) and satisfies the following properties:

1. (monotonicity) If there exist a symplectic embedding
(M3, wy) — (M2™,ws) then c(M?", wy) < c(M3™, ws),

2. (conformality) c(M, \w) = |\|c(M,w),
3. (nontriviality) c¢(B?"(1),wp) > 0 and ¢(Z2"(1),wp) < o0.

Not that the first axiom implies naturality: if (M2",wi) and (M2",ws)
are symplectomorphic then ¢(M 12”, wi) = c¢(M3", ws). The deep link between
the Gromov width and the idea of symplectic capacity lies in nontriviality
axiom: it prevents the volume of M from being a capacity. In fact it means
that capacities are 2-dimensional invariants as well as Gromov width is. The

following theorem shows the relation we mentioned above.

Theorem 1.14. The existence of a symplectic capacity ¢ such that

c(B*(1),wp) = ¢(Z%"(1),wp) = (1.9)
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s equivalent to Gromov’s nonsqueezing theorem. Moreover the smallest of

all these capacities is the Gromov width cg.

Proof. Note that equation (1.9) is equivalent to the following
c(B*™(r),wo) = c(Z*"(r),wy) = 7r?
since for every subset U C R?" there exist a symplectomorphism
P (AU, wo) — (U, Nwy)

In fact it is given by x — %x and the claim follows from the conformality
axiom.
So now assuming Gromov’s nonsqueezing theorem we prove that the Gromov
width ¢ is indeed a capacity which satisfies (1.9).
Monotonicity axiom holds because composition of symplectomorphisms is a
symplectomorphism. In order to prove the second axiom we prove that to
every embedding

@ (B™(r),wy) — (M, \w)

corresponds an embedding
~ 2n r
(:O(B ( )7WO)—>(Maw)

and conversely so that by definition of ¢g we get the assertion. If ¢ is given

then we have

Now consider the symplectomorphism 1 : (B%"( ’”w ),wo) — (B*(r), ﬁwo)

we constructed at the beginning of the proof. Then if A > 0 the embedding

we are looking for is ¢ = p o). If A < 0 then the embedding is given by
» = @ o1 oy where g is

Yo <B<\ﬂ>wo> S (BZ"(ﬁ),—wO), (2,9) = (—2,)

We prove now cg(B?(r),wo) = ca(Z?"(r),wp) = nr?. Note that, since a
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symplectomorphism is volume preserving, we must have R < r for the exis-
tence of an embedding ¢ : (B**(R),wg) — (B?"(r),wp). On the other hand
the identity is a symplectomorphism and thus cq(B?"(r),wg) = mr?. The

2 comes directly from Gromov’s nonsqueezing

equality cq(Z%(r),wo) = 7r
theorem.

Conversely, let ¢ be a capacity that satisfies (1.9), then the nonsqueezing
theorem follows from monotonicity axiom.

For the last part of the theorem consider any capacity c satisfying (1.9) and
an embedding

p 1 (B (r),wo) = (M,w)

Monotonicity axiom implies that 7r% = ¢(B?"(r),wp) < ¢(M,w) and taking

the supremum we get the claim. O

The Gromov width is not the only interesting capacity, the most used is
the Hofer-Zender capacity but we will not go further in this direction since we
are interested only in Gromov width of manifolds. Anyway we now present
some properties of Gromov width which hold true for all capacities. In
particular we can try to extend the definition of capacities including subsets
of R?" in analogy with the fact that it can be easily done for the Gromov
width. In order to do so we need the following definition: a symplectic
embedding 1) : A — R?" of an arbitrary subset A of R?" (with symplectic
form inherited from R?") is a map which extends to a symplectic embedding

in a neighbourhood of A.

Definition 1.15. An intrinsic symplectic capacity c assigns to every

subset A C R?*™ a number ¢(A) € [0, 0] such that the following hold

1. (monotonicity) If there exist a symplectic embedding 9 : A — R?"?
such that ¢(A) C B then ¢(A4) < ¢(B),

2. (conformality) c(AA) = A\2c(A),
3. (nontriviality) c¢(B?"(1),wp) > 0 and ¢(Z(1),wp) < oo.

We already know that cg satisfies these three axioms. We call these

capacities intrinsic in order to underline the fact that ¢(A) does not depend
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on how A is embedded in R?” but only on the symplectic structure on A.
We start with one of the most studied subsets of R?", the ellipsoids, but we
present only the basic results. An ellipsoid FE is given by:

2n
FE = {JL’ S R2n| Z Qi LT < 1}

ij=1

but we know that, by a linear symplectomorphism, it can always be put in

the form
n 2 2
E=<zecC" Z<
{ |Z ri| T
j=1
where r = (r1;...;7y), with r; < .-+ <, is called the spectrum of E.

we can easily see that since
B*(r)) C E C Z%(ry)

we must have ¢(E) = mr? for every symplectic capacity which satisfies (1.9).
This holds true in general: for every subset U of R?" and every capacity c
satisfying (1.9) if B*(r) C E C Z*"(r) then we have c¢(U) = 7r.

Figure 1.3: B*"(r) contained in U embedded in Z2"(r)

Then next proposition follows directly from what we said:

Proposition 1.16. Assume E and F are two ellipsoids and p : E — F is

a symplectic embedding, then

ri(E) <ri(F)
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Our last result on ellipsoids is the following

Proposition 1.17. There exist a symplectomorphism
@ : B%(r1) x B%(ry) = B%(s1) x B?(s3)

if and only if r1 = s1 and ro = s9.

Proof. Since r1 = r2 we can use the symplectomorphism ¢ to define a sym-

plectic embedding;:
B%(ry) = B?*(r1) x B%(ry) — B?*(s1) x B*(s3) = Z(s1)

By monotonicity of ¢ we conclude r; < s1. Applying the same argument to
¢! we get r; > s1. Now, since a symplectomorphism is volume preserving,

the last equality follows from ri7re = s159. O

In order to conclude this section we introduce a result that explains in

which sense the capacities are 2-dimensional invariants:

Proposition 1.18. Assume Q C R?" is an open bounded nonempty set and
W C R?" is a linear subspace with codimW = 2 and consider the cylinder
Q+W. Then

i) c(Q4+W) = o0 if W is isotropic

i) 0 <c(4+W) < oo if W is not isotropic

1.3 Hermitian symmetric spaces

In this section we introduced the class of spaces we are going to deal with

and state their main properties. Let us start directly with the definition:

Definition 1.19. Let M be a connected complex manifold with a Hermitian
structure. M is said to be an Hermitian symmetric space if each point p € M

is an isolated fixed point for an involutive holomorphic isometry s, of M.

From now on we will write in short H.SS meaning Hermitian symmetric
space. The group I(M), namely the group of isometries of M, has a struc-

ture of Lie group compatible with the open-compact topology and is a Lie
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transformation group of M. Moreover, the group of holomorphic isometries
of M, which we denote with A(M), is a closed subgroup of I(M) and thus
a Lie transformation group of M itself. The group A(M) and its identity
component G act transitively on M.

Now choose a point p € M and let K be the subgroup of G leaving p fixed.
It can be proved that M is diffeomorphic to G/K under the map g(p) — gK
where g € G.

As a first consequence of this definition we get that any Hermitian symmet-
ric space M is a K&hler manifold.

The following proposition gives a rough idea of the structure of a HS'S.

Proposition 1.20. Every HSS admits a Hermitian isometry with a space
M x My x --- x My, where My is the quotient of a complex euclidean space
by a discrete group of pure translations and the M; are irreducible simply
connected HS'S.

Proof. We consider the de Rham decomposition of the universal covering M

of a Hermitian symmetric space M:
M:M()XMIX"-XMk

where we know that M; ... My, are irreducible (not euclidean and not locally
isomorphic to a product of lower dimensional manifolds) and M is an Eu-
clidean space. Moreover M is symmetric (Kahler) if and only if each M; is
symmetric (Kéhler). Thus we can conclude that M = My x My X --- x Mj,
is a Hermitian isometry. Now if = : M — M is the universal covering there
is a unique complex structure and a unique Hermitian metric on M such
that 7 is locally a Hermitian isometry. That makes M a HSS since the
symmetries of M lift. Now M = M /T where T" is a discontinuous group
of Hermitian isometries and then M is complex and the M; are irreducible
simply connected HSS. Since I' preserves each M; ([24]) it acts as a group

of pure translations on My and acts trivially on each M;. O

Referring to the previous de Rham decomposition we say that the space
M is

1. Euclidean if M = My,
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2. Trreducible if M = M;,
3. Strictly non-Euclidean if M = M; x --- x M,
4. of compact type if M = Mj X --- x My, and each M; is compact,

5. of noncompact type if M = Mj x - - - x M}, and each M; is noncompact.

We will deal with HSS that fall into the third case. Note that if M is
strictly non-Euclidean then it always holds true that 71 (M) = 0.

The last two cases are closely related to each other. In fact there is a duality
between HSS of compact type (in short HSSCT') and HSS of noncompact
type (in short HSSNT') that will play a key role hereafter. We explain now
how this duality is expressed.

We start with a HSSCT M*. Recall that M* = G/K where G is the
identity component of the group of Hermitian isometries A(M™*) of M* and
K the isotropy group at p € M*. Denote as always the symmetry at p with
Sp-

The Lie algebra g of G can be decomposed with respect to the
(£1)-eigenspaces of the adjoint ad(sy) of s,: g =€+ m. That gives another
algebra

go=t+myg my = im

that has the same complexification as g. Passing to the group level we get
the HSSNT M = Gy/K. One can easily see that applying this construction
to M the result is M*. We will then say that:

M is the (noncompact) dual of M*
M* is the (compact) dual of M.

We will always denote a HSSCT (resp. HSSNT) by M* (resp. M). The
duality yields some interesting relations between HSSCT and their duals. In
particular we can always holomorphically embed a HSSNT in its compact
dual via the Borel embedding. In order to present this link let us introduce

some notation:
e gc = ¢ + mc is the complexification of g =t +m

e G is the complex Lie group associated to gc
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e z € tis a central element such that J = ad(2)|y, is the complex

structure on M and M*)
. m((i: are the (£1)-eigenspaces of J

e p = £c + mg is a parabolic subalgebra of g¢ that is the sum of the

nonnegative eigenspaces of ad(iz) : gc — gc
e P is the Lie group associated to p
We can now prove the

Theorem 1.21 (Borel embedding). G is transitive on the complex coset

space G /P with isotropy group G N P = K ; thus
M* =G¢/P

Moreover ifp=1-P € G¢/P then GoN P = K and thus gP — g(p) embeds
M holomorphically as an open Gg-orbit.

Proof. Since gNp = £ we have dimG(p) = dimg — dim¢ = dimm =
dimm{ = dim G¢/P where dim denotes the dimension over R. Thus G(p)
is open in G¢/P and the same holds for Gy(p). Now since G is compact also
G(p) is compact and then closed (as well as open) in the connected space
Gc/P. Hence we get Gc/P = G(p). Now gK — g(p) gives a complex ana-
lytic covering space M* — G¢/P. This endows G¢/P with the structure of
HSSCT implying it is simply connected. Thus we conclude G¢/P = M*.
Similarly M = Go/K — Gp(p) is a complex analytic diffeomorphism. [

This does not end the list of relations between duals. The next theorem
shows that we can regard M as an open bounded (symmetric) domain in
mE . This will be studied in next chapter in a more convenient context thus
we do not linger on proving this theorem or discussing the consequences

here.
Theorem 1.22 (Harish-Chandra Embedding). The map

& :mE — M* =Gc/P given by &(p) = exp(p)P
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is a complex analytic diffeomorphism ome onto an open dense subset of M*
that contains M. Furthermore ¢~Y(M) = Q is an open bounded symmetric

domain in m(JCr.

As a consequence the space m(JCr inherits the Kéhler structure on M* as
we will see in next chapter. On the other hand, since m('é is a complex vector
space, it is a Kahler manifolds with the flat form wgy. In other words we are
saying that m('g is a Kéahler manifold with respect to both the forms wpg
(coming from M*) and wy (coming from C" = mf). Even if we are going to
study these spaces later we state here some of the structure on a bounded
symmetric domain.

So let Q C C" be a bounded symmetric domain and denote with H?(Q) the
set of functions of L?(Q2) which are holomorphic in .

This is actually a complete Hilbert subspace of H?(Q) with the inner product
() = [ F@)aGran:)

where dyu(z) is the Lebesgue measure on R?". Now for every w € Q, by

Riesz representation theorem, there exists K,, € H?(f2) such that

fw) = (fIKw) Vf e H*(Q)

Definition 1.23. The Bergman kernel Kq (or shortly K) of € is the func-
tion K : Q x Q — C defined by

K(z,w) = Ky(2) = (Ku|K>)

Furthermore for any complete orthonormal system {;}, applying the

evaluation at z of the Hilbert space we see that

K(z,w) = Z pj(2)ej(w)
j=0

Another property of the Bergman kernel is that it is invariant under isomor-
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phism: if F': Q — Q' is holomorphic with holomorphic inverse then

Ko (F(z), F(w))jr(2)jr(w) = Ka(z,w)

where jr is the complex Jacobian of F'. However the main result about the

Bergman kernel is the following

Theorem 1.24. Let Q2 be a bounded symmetric domain and K its Bergman

kernel. Then the matrix

2
9i5(2) = 0207

log K(z, z)

defines an invariant Kahler metric on ) which is called Bergman metric.

Here, as above, invariant means that |dF(X)| = |X|if F : Q@ —
is an isomorphism. Moreover next theorem shows that the correspondence

between bounded symmetric domains and HSSNT works in both ways

Theorem 1.25. Fach bounded symmetric domain ) is, when equipped with

the Bergman metric, a HSSNT. In particular Q is simply connected.

We can say something also in the case M* is a HSSCT" it can be proved
that every Hermitian symmetric space of compact type can be holomorphi-
cally embedded in CP? for some d which makes M* a complex projective
variety. Thus the Kéhler form on M* is induced by the Fubini-Study form of
CP%. With an abuse of notation we will indicate with wgg this form on M*.
From now on, when we say that M* is a HSSCT we mean it equipped with
the form wpg normalized so that wpg(A) = m where [A] is the generator
of Hyo(M*,7Z). We will see a realization of M* as projective variety in next
chapter in the language of Jordan triple systems.

Now let us come back to the distinction between HSSCT and their non-
compact duals. Recall that every strictly non-Euclidean HSS is a product
of irreducible HSSCT and HSSNT. These irreducible spaces have very

nice characterization:
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Theorem 1.26.

The irreducible HSSNT are exactly the manifolds G/K where G is
a connected noncompact simple Lie group with center {e} and K has

nondiscrete center and is a maximal compact subgroup of G.

The irreducible HSSCT are exactly the manifolds G/K where G is a
connected compact simple Lie group with center {e} and K has nondis-

crete center and is a mazximal connected proper subgroup of G.

Furthermore in 1935 H. Cartan classified the irreducible bounded sym-

metric domains (thus irreducible HSSNT and their compact duals) into

four classical families and two exceptional cases. This is Cartan classifica-

tion:

Type Iy, (k < n): the domain of k& x n matrices Z € CF™ satisfying
the condition Id — ZZ > 0. Tt has real dimension 2kn.

Type I, (n > 1): the domain of n X n symmetric matrices satisfying

the condition I'd — ZZ > 0. It has real dimension n(n + 1).

Type II1, (n > 2): the domain of n x n skew-symmetric matrices

satisfying the condition Id + ZZ > 0. It has real dimension n(n — 1).

Type IV, (n > 2): the so-called Lie ball of C™ that is the domain of
z € C" such that

Zz<1, 14|22/ -222>0

It has real dimension 2n.
Type V: exceptional domain of dimension 16

Type VI: exceptional domain of dimension 27

Here and throughout the thesis 7' will denote the conjugate transpose of Z.

Once we know this classification we can construct all HSSNT and thus,

knowing the dual classification, all HSSCT. For example the compact dual

of the first domain is the Grassmannian of k-planes in C*** and the compact
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dual of the domain of type IV is the complex projective quadric @Q,, in CP"*!
ie.

n+1
Z 2’12 = 0}

Qn = {[zo Dt Zpgy] €CPTL
1=0

In order to give a deeper understanding of what we presented in this section
we investigate the simplest possible nontrivial case: the domain Q = Iy
and its compact dual M* which is nothing but CP!.

We consider the Riemann sphere S?(1) = CP!. In this case the groups are:

G@_{i(j 2) ad_cb_l}
SR

We have M* = G¢/P where G¢ acts by

+ (a Z) :z— (az+b)/(cz+d)

Now passing to the noncompact dual the groups are

o fo e
ool e

Under the action of Gy, M* decomposes into two open orbits: the upper
hemisphere (G(0) = M) and the lower hemisphere (Go(o0)) and a closed
one that is the equator (Go(7)).

Now m{ = C = M*\ {oo} is embedded in M* via the stereographic pro-
jection. Hence the realization of M as a bounded symmetric domain is the
open disc in the complex line C: M = {z € C: |2]? < 1}.

Further material on HSS from the Lie theoretic point of view can be found

for example in [5, 25, 26].
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Geometry of Hermitian

symmetric spaces

This chapter is dedicated to the study of the geometry of Hermitian sym-
metric spaces of compact and noncompact type. The theory introduced here
will be of great importance in the last chapter of the thesis. In the first sec-
tion we establish a correspondence between HSS and Jordan triple systems
which give us a useful language we will use in the remainder of the thesis. In
section 2 we present a recent result which gives a deep relation between Jor-
dan triple systems and HSSNT. In the last part of the chapter we explain
the work [12] of Loi-Mossa-Zuddas where they compute the Gromov width
of Hermitian symmetric spaces of compact and noncompact type. This last

part is the key ingredient of our work.

2.1 Jordan triple systems

An alternative approach to the Lie theoretic methods for the study of Her-
mitian symmetric spaces is provided by Jordan triple systems (J7'S). In
particular there is a one-to-one correspondence between bounded symmet-
ric domains and Hermitian positive Jordan triple systems (HPJTS). At
the end of the section we will also present a realization of M* as a complex
projective variety.

We present here some basic facts about JT'S that can be found in [20, 3].

27
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Definition 2.1. A Hermitian Jordan triple system is a (finite dimensional)
complex vector space V equipped with an antilinear involution z — z : V —
V (called conjugation) and a trilinear map {,,} : V x V x V :— V called
triple product such that

{u,v,w} ={w,v,u}

{x,y, {u7v’w}} - {u’ v, {x,y, ’UJ}} = {{x,y,u},v,w} - {u’ {Ua €, y}v ’UJ}

We will consider only the case of simple JT'S that means V is not the
sum of two nontrivial subsystem with component-wise triple product. On a

JT'S we can define the operators

D(u,v)w = {u,v,w}
Q(u,w)v = {u,v,w}

1
Q(u) = iQ(uﬂ u)
B(u,v) = Id — D(u,v) + Q(u)Q(v) (2.1)

Note that they depend only on the triple product on V. We will then

say that V is a Hermitian positive Jordan triple system if the product
1 _
(ulv) = —=trD(u,v) (2.2)
g

(where g is defined by (2.4) below) is positive definite on V.
We can then state the correspondence between HPJT'S and HSSNT"

Theorem 2.2. To every HPJTS V is associated a HSSNT realized as
circled bounded domain €y centered in 0 € V. It is the connected component
containing the origin of the set of all w € V such that B(u,u) is positive
defined with respect to (-|).

Conversely the HPJTS can be recovered from §y as the tangent space at
the origin V = TSy with the triple product given by

{u,v,w} = —%(Ro(u, v)w + JoRo(u, Jov)w) (2.3)

where Ry (resp. Jy) is the curvature tensor of the Bergman metric (resp.
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the complex structure) of Qy evaluated in the origin.

We can give another and more useful way of describing €y in V. In
order to do this we need to focus on HPJTS. We start giving a particular
decomposition of Hermitian JT'S. An element ¢ € V is called tripotent if
{¢,¢,¢} = 2¢c. If ¢ € V is a tripotent then the operator D(c,¢) (which is

self-adjoint with respect to (+|-)) has its eigenvalues in {0, 1,2} and we have
V= Wy(c) ® Vi(c) @ Va(c)

This is called the Pierce decomposition of ¥V with respect to c. We will call
two tripotents ¢1, ¢o orthogonal if D(c;,¢z) = 0.

Consider now a family of mutually orthogonal tripotents (cy,...,¢,). Such
a family is called a frame if it is maximal. It turns out that all frames have
the same number r of elements and this number is called the rank of V.
Let (c1,...,¢p) be any family of tripotents, then (D(cj,Fj)) is a family of
commutative self-adjoint operators, giving rise to the simultaneous Pierce

decomposition

where

Vij ={u e V| D(ey,ep)u= (6 +0¥)u; k=1,...,p}

When (c1,...,¢.) is a frame the simultaneous Pierce decomposition has nice

properties:
1. Voo =0
2. Viy=Ccgifori=1,...,r
3. All V;; have the same dimension a = dim Vj; for 1 <i<j <r
4. All Vp; have the same dimension b = dim Vp; for 1 <j <r

This leads us to the definition of another invariant of V: the genus g, given
by
g=2+a(r—1)+0b (2.4)
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We want now to explain how one can regard a bounded symmetric domain

in V. Consider an element v € V. It has a unique spectral decomposition
u=A1c1 + -+ Apcp

where (c1,...,¢p) is a family of mutually orthogonal tripotents and
At > Ay > > A, > 0. The map u +— A1 is a norm || - ||;qez on V' called

the spectral norm.

Theorem 2.3. Let 0y be the HSSNT associated to V. Then

Qv = {u e Vl[ulmaz < 1}

An element u is called regular if p = r in its spectral decomposition.
The set of regular points is dense in V. Thus let again u = A\jc1 + -+ -+ Arepr
be the spectral decomposition of a regular element v € V. It is not hard to
prove that

B(u,u)v = (1= A7) (1= X (2.5)

if v € V;;. From this formula we easily get the following

det B(u,u) = (ﬁ(l - A?))g

i=1

In particular one can recover the Bergman form on 2y, as
i
WBerg = ——00logdet B
27

The real polynomial []\_, (1 — A?) is called the generic norm and indicated
with m(u,w). It can be extended to a complex polynomial m(u,v) on V xV

which is also called the generic norm and has the expansion
m(u,v) =1 —my(u,v) + -+ (=1)?m;(u,v) + -+ (=1)"'m,(u,v)

where the m;’s are nondegenerate polynomials, homogeneous of bidegree

(j,7). We are now able to define the hyperbolic form we introduced in the
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previous chapter.

Whyp = —%Bglogm = % (2.6)

Moreover by means of the generic norm we can define the flat Kéhler form
onV .
7 —
wo = %86m1 (27)

Since we are considering only the simple JT'S we can rewrite wy = %85trD.
Note that in the rank 1 case it is the standard Euclidean form on V = C™.

The next proposition explains the structure of the generic norm:

Proposition 2.4. LetV be a simple Hermitian JT'S and m(u,v) its generic
norm. There exist maps oj : V — V@) for J =0,...,r with the following

properties:

1. VO =, v =y, v@ V" are finite dimensional complex

vector spaces with conjugation z — Z and inner product (:).

2. 00 =1, oy = Id, o9,...,0, are homogeneous polynomial maps of

bidegree j such that oj(u) = oj(u) and oj(V) spans V).

3. the identity

m(u,v) =1—(o1u,01v)+- -+ (=1) (oju,05v)+- - -+ (=1)"(oru, orv)
holds in ¥V x V.

The only prove of proposition 2.4 known to the author is a case by case
verification which we do not report here. We want now to introduce the
compactification of V. The construction of the canonical compactification
was presented by Loos ([13]) but we would like to present it in an equivalent
form which is based on the theory exhibited above.

Then let us state the theorem that constructs the compactification of V as
a complex projective variety which is isomorphic to the compact dual of the
HSSNT associated to V.

Theorem 2.5. Let V be a simple Hermitian JT'S of rank r and o1, ..., 0,
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as in proposition 2.4. Let
w=CaoVvlg...ev®

and o : V — P(W) be defined by
ow)=[1:01v:...:0.0]

Then the closure of o(V) in P(W) is an algebraic submanifold X which is
isomorphic to the compact dual of Qy and o : V — P(W) is isomorphic to

the canonical compactification.

The previous theorem implies that, given any HSSNT, its compact
dual M* can be embedded in CP? for some d > 0. It means that M* is an
Hermitian Symmetric space of compact type with the Kahler form induced
by the Fubini-Study form on CP?. That is what we run over in the previous

chapter.

2.2 The symplectic duality

In this section we present the work of Di Scala and Loi ([1]). In particular
we are going to show that there is a symplectic duality ¥ between V and
Qy and that by the theory of HSS it extends to a symplectic embedding
from Qy to M*\ 'Y, where Y, is the cut locus of p € M*.

We will prove this theorem in the case of HSSNT of classical type even if
in ([1]) is also provided a proof which holds for all HSSNT.

Let us start with some result which will be needed in the proof of the theo-
rem. Note first that under the identification mE = VY one can endow V with
the restriction of the Fubini-Study form on M*. It can be proved that this

restriction is written as
1 —
Wrs = 2—88 log det m* (2.8)
T

where m*(u, u) = m(u, —u) =1+ >, m;(z,z).

The next result is of great importance for the proof.
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Proposition 2.6. Let (M,0) be a HSSNT with center 0 and let V be the
associated HPJTS. Then there exist a one-to-one correspondence between

(complete) complex totally geodetic submanifolds through the origin (T,0)
and sub-HPJTS T CV where T is the HPJTS associated to (T,0).

Proof. 1t is known that there is a one-to-one correspondence between com-
plex totally geodesic submanifolds of HSS through the origin and complex
Lie triple system. This can be found for example in ([8]). Now from formula

(2.3) and using the fact that
RO(“: U)w = —{U,@, ’Ll)} + {U7ﬂ7 'UJ}

it arises the one-to-one correspondence between complex Lie triple systems
and sub-HPJTS of V. O

We are now ready to state the main theorem in ([1]) in the form we are
going to prove it. In the following theorem we will identify the HSSNT
M with its realization €2y, as circled bounded symmetric domain centered in

the origin of V.

Theorem 2.7 (Di Scala, Loi). Let M be a HSSNT with no exceptional
factor in its de Rham decomposition. Let B be the Bergman operator on the
associated HPJTS V defined in (2.1).
Then the map

Uyt M=V, zHB(z,z)fiz,

has the following properties:

(D) W is a real analytic diffeomorphism and its inverse is given by:

-1 _1
Ui V=M, oz B(z,—2) 4z

(H) For any (T,0) <y (M,0) complex and totally geodesic embedded sub-
manifold (T,0) with i(0) = 0 one has

Uy =V, Uy(T)=T

where T is the HPJT associated to T';



34 Chapter 2

(I) For any T € K C I(M), where K is the isotropy group at the origin,
the following equality holds:

Uprpror =70 Wy

(S) War is a symplectic duality, i.e. the following hold

\I/*Mwo = Whyp (2.9)

\I/*MUJFS = Wwo (2.10)

where wo on M is considered as the restriction of (2.7).

Proof. The proof is divided in three parts. The first step consists in prov-
ing properties (D) and (S) in the special case of I, which is the bounded
symmetric domain of first type I,, ,,. Then we will prove properties (H) and
(I) for the four classical domains. Finally using proposition (2.6) and the
second part we prove properties (D) and (S) for all classical HSSNT.
Step 1.(Proof of (D) and (S) for I,,)

We have already seen that

I, ={Z € M,(C)|Id — ZZ > 0}
The triple product making C" a HPJTS is given by:
(U,V,W}=UV'W +WV'U U,V,W € M,(C).
From this it is easy to calculate the Bergman operator:
B(U, VYW = (Id — UV YW(Id — V'U),
the hyperbolic form:

Whyp = —i@glog det(Id — ZZ)
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and the map Wy : I, — M, (C) = C™ is:
Uy(Z2)=(Id— 272 2.

Thus we can calculate the explicit expression of the Fubini-Study (2.8) and
the flat Kéhler form (2.7) on C™*:

wpg = %851%; det(Id+ XX'),
wo = %85tr(XY’).
Now part (D) can be proved by verifying that the map:
Oy :C” 51, X (Id+XX)2X.
is the inverse of W, and keeping in mind the equality:
XX'(Id+XX)2 = (Id+ XX )2 XX .

We are now ready to prove the property (S). Consider first the equality (2.9)

and observe that we can write
Whyp = —iaé logdet(Id — ZZ) = %da log det(Id — ZZ')
i —/ Z —
= %datr log(ld—Z7Z") = %dtra log(Id—ZZ")
=~ dw[Z'(1d - zZ)dz),
2m

where we used the decomposition d = 0 + @ and the identity logdet A =
trlog A. By substituting X = (Id — ZZI)_% in the last equation we get

i . i i -
—godw[Z(1d-2Z)"dZ) = ——du[X'dX]+—dw{X'd[(1d-2Z)) 2] 2}

Note that —dtr[X'dX] = wo and the 1-form tr{ X'd[(1d ~ 2Z')"#] 2} is
exact being equal to dtr(CT2 —log C), where C' = (Id — Z?l)_%.

Then equality (2.9) follows since wp,y, equals wp in the X-coordinates.
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With the same arguments we can prove (2.10). Consider indeed

Wrg = ia@ logdet(Id + XX') = —idna log(Id + XX')

_ _QLdtr [X'(1d + XX')"'dx].
T
Now substituting Z = (Id + Xyl)fé we get

— 5-der[X(Id + XX') ' dx]
T

i Uil 7 X)) 3

_ _%dtr(Z/dZ) + ﬂdtr{Zld[(Id +XX') 2] X}
. D2

=wg + idZtr(logD - tI“?) = wo

where D = (Id + XY/)fé. This ends the first step of the proof.

Step 2.(Proof of (H) and (I) for classical domains)

From now on M will be a HSSNT and V its associated HPJTS. Consid-
ering that the map W, depends only on the properties of the triple product
{,, }, part (H) follows from proposition 2.6.

Hence we only need to prove (I). As we have seen in the first chapter the
M can be regarded as the coset space M = G/K where G is the connected
component of I(M) containing the origin and K is the isotropy group at
the origin 0 € M. Cartan has proven ([19, p. 63]) that the group K consist
entirely of linear transformations. In particular the Bergman operator of V

is invariant under the action of K:
B(ru,mv)(tw) = 7(B(u,v)(w)) V7 €K,
which implies

() =7(B(z,2)75(r7'()) Vze M.

ST

B(rz,12)”

Thus (I) follows.
Step 3.(Proof of (D) and (S) for all classical domains)

It is known that every bounded symmetric domain can be embedded in Iy
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for some N sufficiently large. This follows directly from the definition for
Iy, I, and II1, while the explicit embedding for IV, can be found in
([16, p. 42]). Moreover we can always assume that the embedding brings
the origin 0 € M to the origin 0 € I,.

Thus, by proposition 2.6, V is a sub-H PJT'S of (C"Q, {,,}). Hence the claim
follows from property (H) and the fact that (D) and (S) hold true for I,,. [

2.3 Gromov width of Hermitian symmetric spaces

In this section we want to present the work of Loi, Mossa and Zuddas ([12])
where they computed the Gromov width and others symplectic capacities
of Hermitian symmetric spaces of compact and noncompact type.

We will focus on the calculation of the Gromov width of HSSCT. As usu-
ally happens one computes the Gromov width of a manifold by giving upper
and lower bounds. The lower bound is obtained by proving that the ball
(B?"(1),wp) can be embedded in any HSSCT. We will show how this em-
bedding is constructed while we will only give the idea of how the upper
bound is achieved.

Let (M*,wps) be a 2n-dimensional HSSCT and (M,wp) its noncompact
dual regarded as a bounded symmetric domain in (V, (+|-)) = (C", hg) where
(+|-) was defined in (2.2) and hg is the canonical Hermitian product. Recall
that throughout this thesis the canonical Kéhler form wpg is normalized so
that wrps(A) = m where [A] is the generator of Ho(M*,Z).

Let us start showing that the ball (B%"(1),wp) can be embedded in a bounded
symmetric domain (M,wp). In order to do this consider now the spectral
decomposition v = A\jcy + - - - + Arc of a regular point in M C V.

The distance d(0,v) = (U|U)% can be expressed in terms of the spectral de-
composition of v. In fact the spaces V;; in the Pierce decomposition of V
with respect to the frame (cq,...,¢,) are the eigenspaces for D(v,v) with
eigenvalues (A7 + )\3) As the subspaces Vj;, Vj; and Vp; for 0 < i < j have

dimensions 1, a and b we obtain

trD(v,v) =g Z A

=1
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From the definition of the product (-|-) easily follows that

Recall that M C V is the set of point whose spectral norm is less than 1.
Now from the identification (V, (:|-)) = (C™, hy) and the fact that the set of

regular points is dense we conclude that
(B*(1),wo) C (M, wp).

Recall that in the previous section we constructed a symplectomorphism
Wy : M — V which, amongst other properties, satisfies ¥} ,wrg = wp. The
form wpg appearing in the last equality is induced on V by its Harish-
Chandra embedding & : V — M?*. Hence we actually get a symplec-
tic embedding ®5; of (M,wp) in (M*,wrs). Thus we have proved that
cg(M*) > .

The upper bound cg(M*) < m is obtained by estimating some (pseudo)
symplectic capacities. We present here a rough idea of how it is done.

Loi, Mossa and Zuddas used the concept of k-pseudo symplectic capacity
(due to Lu [14]) which is weaker than that of symplectic capacity and de-
pends on the homology classes of the symplectic manifold. Formally if we
denote with C(2n, k) the set of all tuples (M, w;aq,...,qx) consisting of a
symplectic manifold (M,w) and k nonzero homology classes o; € H,(M; Q)
then a k-pseudo symplectic capacity is a map ¢*®) from C(2n,k) to [0, 00

satisfying the following

1. (pseudo monotonicity) If there exist a symplectic embedding
@ (My,wy) = (M, we) then, for any «o; € Hi(M1;Q),i=0,...,k,

C(k)(Mlawl; A, ..., Oék) < C(k)(M27w2; (p*(Oél), s 7@*(0416))

2. (conformality) ¢®) (M, \w; o, ..., ar) = [Nc® (M, w; 0, ..., ap),

3. (nontriviality) ¢(*)(B?*(1),wo; pt, ..., pt) = 7 = ¥ (Z2"(1), wo; pt, . . .

where pt denotes the homology class of a point.

,pt)
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Lu defined two 2-pseudo symplectic capacities which he called of Hofer-
Zehnder type and he proved that their values are always greater than or
equal to that of the Gromov width.

These pseudo symplectic capacities of Hofer-Zehnder type are estimated by
using other two pseudo symplectic capacities GW (M, w; aq, ag) and
GWy(M,w; aq, ag) which are defined in terms of Gromov-Witten invariants.
These last invariants can be seen, roughly speaking, as functions counting,
for an w-tame almost complex structure J, the number of J-holomorphic
curves of given genus representing an homology class A € Hyo(M,Z) with k
marked points p; passing through cycles X; representing k£ homology classes
a; € Hy(M;Q).

Then the value of the pseudo symplectic capacities GW (M, w; a1, az) and
GWo(M,w; aq, ae) is the infimum of the areas w(A) of homology classes for
which an associated Gromov-Witten invariant is nonzero.

Lu in [14] proved that the values of GW (M, w; a1, ag) and GWo (M, w; oy, o)
are always greater than or equal to those of the 2-pseudo symplectic capac-
ities of Hofer-Zehnder type.

Loi, Mossa and Zuddas proved the existence for any HSSCT M* with
wrs(CPY) = 7 of two homology classes o and 3 such that the associated
Gromov-Witten invariant is nonzero and deduced that GW (M*, wrg; pt,v) =
GWo(M*,wpg; pt,y) = m where ~ is either « or 3.

Then, from what we said on these pseudo capacities, it follows that
ca(M*,wrs) <7

One can prove that this result can be extended from irreducible to arbitrary

HSSCT. In fact in the same article the authors proved the following

Theorem 2.8. Let (M{*,w%s), i=1,...,r, be irreducible HSSCT of di-
mension 2n; endowed with the canonical Kdahler form w%s normalized so
that wig(A;) = 7 where [A;] is the generator of Ha(Mj,Z). Then

ca(Mj X - X M whg @ -+ Dwhg) =7

Proof. The bound cq(Mj X -+ X M} whe® -+ ®whg) < 7 is obtained with
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the same estimates of pseudo symplectic capacities we mentioned above.
The lower bound, instead derives from the product of the symplectic em-

bedding we constructed above:

@1\/[ X"'XCDIWT
1

xT_ B*i(1) C x"_,M; Xi—1 M

and from the natural inclusion

Bt (1) C xj_ B*(1)
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Minimal atlases for closed

symplectic manifolds

In this chapter we focus on the work of Rudyak and Schlenk [21] on minimal
atlases for closed symplectic manifolds. In the first section we introduce the
setting and explain the results. We state the main theorem and give the
sketch of the proof which is simple and elegant in the idea while we avoid
to examine the realization of the proof because it is technical and does not
give further information. In order to get a deeper understanding of the topic
we discuss, in the second section, some examples that can be found in the
paper. In the last section we study the case of the complex Grassmannian.
In particular we show that the embeddings produced by Rudyak and Schlenk

do not cover the Grassmannian as wrongly claimed in [21].

3.1 The work of Rudyak and Schlenk

The aim of the paper of Rudyak and Schlenk is to study the minimal num-
ber Sp(M,w) of Darboux charts needed to parametrize a closed symplectic
manifold (M,w). Note that Sp(M,w) is well defined due to Darboux the-
orem and the compactness of M. The estimate of Sp(M,w) essentially
consists of giving upper and lower bounds based on the Gromov width and
the Lusternik-Schnirelmann category of M.

Let us explain how Rudyak and Schlenk used these two invariants to esti-

41
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mate Sp(M,w).
Denoting with B the image of a Darboux chart ¢(B%") C M we can formally
define:

Sp(M,w) == min{k|M = B1U---UBy}

An immediate lower bound for the number Sp(M,w) is given by the diffeo-

morphism invariant
B(M) = min{k|M = By U---U By}

where each B; is diffeomorphic to the open ball B?®. This estimate from
below depends only on the differential structure of M and thus it does not
take in account the symplectic structure on the manifold.

We will now show another lower bound which depends on the symplectic

structure. Consider the number
(M, w) := maz{Vol(B*"(r))|B*(r) sympletically embeds in M}

It is clear that a bound from below for Sp(M,w) is the integer

NM,w):= \‘VOZ(WJ +1

(M, w)

where the braket [z] denote the maximal integer smaller than or equal to
x.
Remark. The number (M, w) is equal to ;(ce(M,w))™ thus we can rewrite

the last lower bound we introduced as

LM, ) = {VOZ(M,w)n!J .

(ca(M,w))"

Note also that the invariants I'(M,w) and B(M) have very different
nature and are indeed not related in any way. The simplest example one
can consider is the complex projective space (CP™,wpg) for which we have
I'(CP",wpg)=2 and B(CP")=n+1.

From this originates the need to set a lower bound which takes into account
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both the differential and the symplectic structures on M:
AMM,w) = maz{l'(M,w); B(M)}
What we have shown so far is nothing more than

A(M,w) < Sp(M,w) (3.1)

We will focus on the invariant B(M) before we state the main result.
We recall some invariants that give a estimate from below for B(M). The
first is the Lusternik — Schnirelmann category of M, that is defined for

any C'W-complex X:
Cat(X) := min{k|X = Ay U---U A}

where each A; is a open contractible subset of X. Obviously when M is a

smooth closed manifold we have
Cat(M) < B(M).

In general the Lusternik-Schnirelmann category of a CW-complex X is not
easy to compute, but may itself be estimated from below by the cup lenght
of X which is defined as:

(X)) = sup{k|uy - - -up # 0,u; € H*(X)}

where H* (X)) denotes the reduced singular cohomology of X with coefficients
in any ring. It has been proved, for any CW-complex X, that

cl(X)+1 < Cat(X)

and , for any smooth closed connected m-dimensional manifold M, that
([15]) B(M) < m + 1. Then, being M a smooth closed connected m-

dimensional manifold, we can conclude that

(M) + 1 < Cat(M) < B(M) < m + 1. (3.2)



44 Chapter 3

This is not all we can say about these invariants, in fact in [23] is proved

the following

Theorem 3.1 (Singhof). Let M™ be a close smooth p-connected manifold
with m > 4 and Cat(M) > 3. Then

. . m—+p+4
a) B(M) = Cat(M) if Cat(M) > 1)
m+p+4 . m+p-+4

Where [z] denotes the minimal integer greater than or equal to x.
This result can be improved when we deal with symplectic manifolds:

Proposition 3.2. Let (M,w) be a 2n-dimensional closed connected sym-

plectic manifold. Then
n+1<cl(M)+1<Cat(M)<B(M)<2n+1. (3.3)

Moreover the following claims hold true:
i) If (M) =0, thenn+1=cl(M)+1=Cat(M)=B(M),
i) If [W]jmy(ar) = 0, then Cat(M) = B(M) = 2n + 1,

iii) If Cat(M) < B(M), thenn > 2 ,n+1=cl(M)+ 1 = Cat(M) and
B(M)=n+2.

Proof. Since w is a symplectic form we have [w]™ # 0 which implies
cl(M)+1>n+1. From this and from 3.2 we get 3.3. To prove asser-
tions (i) to (iii) we will make use of Theorem 3.1. Note that we dropped
the hypothesis dim(M) > 4 and Cat(M) > 3 in Theorem 3.1: in fact if
dim(M) = 2 we are in the case of closed orientable surfaces and it is easy
to check that B(M) = Cat(M); on the other hand if Cat(M) = 2 then
$dim(M) < cl(M) +1 < Cat(M) = 2 gives dim(M) = 2.

i) If M is simply connected, it has been shown in [7] that Cat(M) < n+1
and thus Cat(M) = n+ 1. Since p > 1 we conclude that we are in the
situation of Theorem 3.1 a) and it follows Cat(M) = B(M) =n + 1.
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ii) It has been proved that if [w]x,(ar) = O then Cat(M) = 2n + 1,(see
[22]). From this and from B(M) < 2n + 1 follows the assertion.

iii) We know that B(M) = Cat(M) if n = 1. Thus, assuming B(M)>Cat(M

let n > 2. From i) we get p = 0 and the claim follows from Theorem

3.1D).

We can now present the main result of [21]:

Theorem 3.3 (Rudyak-Schlenk). Let (M,w) be a closed connected sym-

plectic manifold of dimension 2n.
i) If \(M,w) > 2n+1 then Sp(M,w) = N M,w).
i) If \(M,w) <2n+1 thenn+1 < A\ M,w) < Sp(M,w) <2n+ 1.

Idea of the proof: The proof of the theorem appears technical in sev-
eral points, thus we will just present the idea behind the proof (for which
Rudyak and Schlenk thank Gromov).

By inequalities 3.1 and 3.3 the assertion is a direct consequence of the fol-

lowing:

Theorem 3.4. Let (M,w) be a closed connected 2n-dimensional symplectic

manifold.
i) If T'(M,w) > 2n + 1, then Sp(M,w) =T'(M,w),
ii) If T(M,w) <2n+1, then Sp(M,w) <2n+ 1.

Let us denote with p(A) the symplectic volume of any Borel set A C M
and set

k = max{T'(M,w);2n + 1}.
Then by definition of I'(M,w) we have

v(M,w) > ,u(k]W)

);
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Now by definition of (M, w) there exists a Darboux chart ¢ : B?*(r) —
B C M such that

From the last inequality and from k& > dim(M), by means of elementary
dimension theory, it is provided a covering of M consisting in k sets C*...C*

each of which is the image of a disjoint union of cubes in R?” and such that
p@) <pB), j=1,....k

It is then constructed a symplectomorphism ®7 : M — M such that
®I(C7) C B.

Figure 3.1: The idea behind the map ®’

It yields a symplectic cover of M made up of k charts:
(@) o B2(r) = M,

and this ends the proof.

This Theorem basically reduces the issue of estimating Sp(M,w) to two
different problems: those of computing B(M) and cg(M,w). The results
we know about B(M) are summarized in Proposition 3.2. Calculate cq(M)
is instead an open and delicate problem in which there has recently been
remarkable progress.

A related and more complicated problem than computing Sp(M,w) is the
one of symplectic packings. We say that a symplectic 2n-manifold (M,w)
admits a symplectic packing by N balls of radii Aq,..., Ay if there exist a
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symplectic embedding from the disjoint union of the balls into (M, w):

N
Q0 H (BQn()\j),wo) — (M,w).
j=1

It is usually required a symplectic packing by N equal balls. Moreover we
say that (M,w) admits a full symplectic packing by N equal balls if the
supremum of volumes which can be filled by symplectic embeddings of N
disjoint equal balls is the volume of (M, w) itself.

In analogy to this problem, Rudyak and Schlenk introduce the invariant

S5 (M,w) which is defined in the following way. First consider the number
Sp(M,w) :=min{k|M =B, U---U B}

where each B; is the image of the same ball B?"(r) through a symplectic

embedding. Now define
Sg(M,w) := H;i(r)ng(M,w).

Remark. Theorem 3.3 holds true if we replace Sp(M,w) with Sg (M, w) since

in the proof we constructed embeddings of equal balls.

Anyway, since we deal with HSSCT, we will not investigate further in

this direction.

3.2 Some explicit computations

In this section we will present two examples which we find interesting in
order to study the invariant Sp(M,w) in the case of HSSCT.

We start with a very simple case

Riemann surfaces. Consider the case n = 1 that means we are dealing
with closed oriented surfaces (X4, w) where w is an area form. The following

Lemma will give us the key ingredient.

Lemma 3.5 (Greene-Shiohama). Let U and V' be two bounded domains in

(R2,wo) which are diffeomorphic and have equal area. Then U and U are
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symplectomorphic.

Proposition 3.6. Let (X4, w) be a closed oriented surface of genus g. Then

the following assertions hold true
i) If g =0, then Sp(X4,w) =2,
ii) If g > 1, then Sp(Xg4,w) = 3.

Proof. From the previous Lemma we get B(X,) = Sp(X4,w). Now the claim

follows from Proposition 3.2. O

Complex Projective spaces. Let CP" be the n-dimensional complex
projective space and let wrg the Fubini-Study form on CP" normalized so
that wFs(Cpl) =T.

Proposition 3.7. Sp(CP",wpg) =n + 1.
Proof. Since 71 (CP™) = 0 by Proposition 3.2.i) we get the inequality
SB(CP”,wFS) > B(M) =n+ 1.

On the other hand we can construct a symplectic atlas consisting in n + 1

charts. Consider for 0 < ¢ < n the subsets of CP"
Si={lz0:...:2,) € CP"|z; =0}
and the functions f; : B>*(1) — CP" defined by
filz) = filz1, .. z) =[z1: oz i/ 1= 22 zig1 ooy 2a] (34)

which are well known to be symplectomorphisms between (B2"(1),wg) and
(CP™\S;,wps). Since CP™ = |, f;(B*"(1)) we found an atlas {(B**(1), f;)}o<i<n
that gives us the inequality

Sp(CP",wps) <n+1.
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3.3 The case of the complex Grassmannian

The last result in [21] is the computation of Sp(Gy 1, wrs) where Gy, is the
complex Grassmannian of k-planes in C" and wpg is, as usual, the Fubini-
Study form on it. Note that this is a special case of our result presented in
next chapter since Gy, 5, is the compact dual of the bounded symmetric do-
main [y ,—;. We will present the calculation of Rudyak and Schlenk which is
based both on the knowledge of the volume and Gromov width of the Grass-
mannian manifold and on the construction of a specific symplectic atlas for
Gjn. We show next that the charts they claimed to make up the atlas do

not cover the Grassmannian. Before that we need to introduce the notation.

We will consider only the case n > 2k and k # 1 since Gy = Gp_in
and Gy, = CP™ 1. Let

Pk,n : Gk,n — P(/\k(cn) = (CP(Z)_I

be the Pliicker embedding and denote with py, ,, its degree. It is well know

that
(k=121 (k(n — k))!

Pkn = (n_l)!...<n_k+1)!(n—k)!'

In order to underline the construction of Rudyak and Schlenk we split their

result in two parts.
Proposition 3.8.
1. Sp(Ga4,wrs) € {5,...,9},
2. Sp(Gas,wrs) €{7,...,13},
3. Sp(Ga6,wrs) € {15,16,17},
4. SB(Grmywrs) =pen+1 if n>T7 or k>3.
Proof. Since Gy, ,is simply connected, from Proposition 3.2 follows

B(Gp) = k(n — k) + 1.
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Moreover o
rkn )'pkm

Vol(Ggp,wrs) = k(n —k))!

Now, being cq(Gkn,wrs) = m, a simple calculation yields
LG, wrs) = pepn+1

and the claim follows directly from Theorem 3.3. O

Remark. We will prove this Proposition in details in the more general context
of HSSCT.

Proposition 3.9. Embeddings in 3.4 can be generalized to (Z) embeddings
B%(”_k)(l) — G covering G p,.

Construction. The construction in [21] was first presented by Lu in [14],
thus we refer to this last article.

Let us look at the matrix definition of the Grassmannian as the quotient
Grpn = M(k,n)/GL(k)

where M (k,n) = {A € C**"| rank(A) = k}
and GL(k) = {Q € C**¥| det(Q) # 0} acts on M(k,n) from the left by
matrix multiplication. Let Pr : M(k,n)/GL(k) — Gk, A — [A] be the

quotient projection and denote
MO(k,n) = {A € M(k,n)| AA = Id"}

where A’ is the conjugate transpose of A and Id” is the unit k x k matrix.

The following Lemmata are the keys of the construction:
Lemma 3.10. Let 19 = Pr*(wps), then T(]‘MO(k’n) = CUO‘MO(k’n).

Lemma 3.11. The map

¢ (Ikm,k,W()) - (Ckxn7w0)7 Z— <\/ Idr — 27/7 Z)

is a symplectic embedding with image in M°(k,n) and therefore it defines a

symplectic embedding ¢ = Pro ¢ of Uk n—k>wo) into (G, wrs).
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Now we need to use these result to construct (Z) embeddings of BZ*("—F)(1)
into G, .
In order to do this rewrite the matrix A € M (k,n) as (A, ..., A,) where A;
is the j-th column. Then for increasing integers 1 < a7 < ... < ai < n con-
sider the complement {agy1,...,an} of {a1,...,ar} in the set {1,...,n}.
We write Aq,...q to indicate the matrix (Aq,, ..., Aq,)-
Note that for every set {a,...,a} there exist a permutation matrix
P(aq,...,ak) such that

(Aay,- - Aa,, A A )Plan,. . o) = (Ar,..., Ay)

Q19" °

We can now define (Z) symplectic embeddings as

éal"'ak : (R]]C’n_ka("JO) — (G07wk,n)

(Vi 27 2)pion..o)

Remark. The embedding qg is exactly the embedding ¥, we constructed in

7z —

the second chapter when M = I} ,,_y.
The claim of Rudyak and Schlenk is that the restrictions to B2*("=F)(1)

of the embeddings anln-ak cover Gy, p.

Proposition 3.12. For every couple {k,n} with k > 2 and n > 2k there

exist at least one point [B] € Gy, such that for every set {oq - - - oy} we have
[B] & by (B9 (1))

Proof. Let A = ¢u,...a, (Z) that means ¢g,..a, (Z) = [A] and note that

—/
Agyooy = (VI =227 )i Aayyoa, =2

We can easily compute || A||*:

1A = [ Aayap* + Ay wanl® =

/

-, _
tT(AOél"'akAal-'~ak) + tT(Aak+1"'anAak+1“~an) =
tr(Id* — 27+ tr(ZZ') = k
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From this calculation we get
1Aararll? =k = [[Aagsy-an I = & = 1 2]
This shows that the image of B2("=¥)(1) under éf;almak is contained in

AFnr = {[B] € Grn|VA € [B]N M (k,n), || Aay o || > k — 1}

at-ay

thus the set A®" defined as
{[B] € Gr.IVA € [B]n M (k,n) FHar---ar} st ||Aayopl® >k —1}

contains the union of all the images da, ..., (B %) (1)).

Now, starting with the case n = 2k, we exhibit a point [B] ¢ A*". Consider
then the k x k matrix C' with entries ¢;; = % and ¢; ; = 0 if i # j. Then
the point [B] = [(C,C)] does not belong to A¥?* since B € M°(k, 2k) but

on the other hand it is easy to see that

<k-1 (3.5)

max || Bayapll” =
{a1,...,ak
Now in case n > 2k we set [D] = [(C,C,0,...,0)] where 0 denotes the

column of zeroes. Clearly equation 3.5 holds if we replace B with D. ]

Remark. If we rewrite the results of Rudyak and Schlenk taking into account
Proposition 3.12 we will find differences only in the cases of G24, G2 5 and
Gag.

)

Note that proposition 3.12 does not imply that Gg 4, G25 or G2.6 do not
admit a symplectic atlas of less then (Z) charts, on the contrary we believe

that the following conjecture (which was stated in [21]) holds true.

Conjecture. A\(M,w) = Sp(M,w) for all closed connected symplectic man-
ifold (M,w).
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Minimal symplectic atlases
for HSSCT

In this final chapter we present our result about minimal atlases of HSSCT.
In particular in the first section, combining the result of [12] and [21], we
compute the invariant Sp(M*, wrg) where M* is an irreducible HSSCT of
type Iy, 11, or I11,. In the second part we focus on HSSCT of type IV,.

Concretely, we provide a full symplectic embedding of the complex quadric.

4.1 Minimal symplectic atlases for I}, /1, and 1],

We focus now on the properties of HSSCT which originate from their em-
bedding in the complex projective spaces.

In general suppose that X is a 2n-dimensional manifold which admits an
holomorphic embedding f : X — CP?. Tt is well know that X is a Kahler
manifold when equipped with the form (which we denote as usual with wgg)
induced by the Fubini-Study form on CP?. We can associate to f an integer,
namely its degree deg(f), defined in the following way.

If d > n there exist a point p € CP? such that p ¢ f(X). Up to composition
with a unitary transformation of CP? we can assume p = [1: 0 : ... : 0].

Consider now the projection

pa:CP? - CPT™Y  [zp:...:zg) = [z1:...: 24

53
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and define the function f; 1 = pg o f. Now iterating this argument we get
amap F : X - CP" given by F'=pp410---0pgo f.
Then deg(f) is by definition deg(F’) that is the integer such that

/ Fra = deg(F)/ «
X cpn

where [a] € H*"(CP™ R). We can establish an important relation between

the volume of X and that of CP™ via the degree of f.

Proposition 4.1. Let X be a 2n-dimensional manifold which admits an
holomorphic embedding f : X — CP%. Then

Vol(X) = deg(f) Vol(CP™)

Proof. Denote by wrg(d) (resp. wrs(n)) the Fubini-Study form on CP?
(resp. CP™). Now consider the map g = i 0 pp41 0 - -+ 0 pg where 7 is the

canonical inclusion map given by:

i:CP" = CP% [z0:...:25) = [0:...:0: 2g—n...: 2]
Keeping in mind that the function
®:CPY%[0,1] = CP% ([z0:...:2zat) = [t21 5o i t2dn1: Zdom - : 2d)
is an homotopy between the identity map of CP? and g we get

n!Vol(X) :/Xf*wps(d)” = /X(ioF)*wFS(d)" —
/XF*(Z'*wFS(d)"):/XF*wFS(n)":
deg(F)/ wrs(n)™ = deg(f)n!Vol(CP™).
cpr
O

In consideration of Theorem 3.3 and the above result we deduce the

following
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Corollary 4.2. Let (X,wrg) be a projectively induced Kdhler manifold with

deg(f)7"

ca(X,wrg) = mr?. If —=2—
6(X;wrs) fCG(XawFS)n

Then we see that for projective induced Kahler manifold the computation
of Sp(X,wrg) is strictly related to the degree of the embedding
f: X — CPY From now on (M* ,wrg) will be an irreducible HSSCT
with wpg normalized so that wrps(A) = m where [A] is the generator of
Ho(M*,7Z) and f : M* — CP? its holomorphic embedding. We compute
now Sp(M*, wrs).
We have seen in section 2.3 that cq(M*,wpg) = 7. we can then rewrite

Corollary 4.2 in the following form.

Corollary 4.3. If (M*,wrg) is an irreducible HSSCT with dim(M*) = 2n
2

and deg(f) > 2n (or equivalently Vol(M*) > w”%) then Sp(M*,wrs) =

deg(f)+1 ‘

Note that an example of embedding f : M* — CP? is given by the map
o in Theorem 2.5.
Now we need to know the degree of f or, equivalently, the volume of M*.
Recall that in section 2.2 we constructed a symplectic duality which, in
particular, induces a symplectomorphism ® : (Q,wp) — (M* \ Yy, wrs)
where €2 is a bounded symmetric domain, M* its compact dual and Y,
is the cut locus of a point p € M*. Being a symplectomorphism, ® is
also volume preserving. Thus we see that Vol(Q,wp) = Vol(M*,wrg) since
Vol(M*,wpg) = Vol(M* \ Yy, wrs).
The knowledge of deg(f) is now reduced to that of Vol(£2,wp). The volumes
of classical irreducible bounded symmetric has been computed by Hua in [6]
and we will refer to this. However a more general formula has been presented
by Koranyi in [9] while Roos (][20]) proved that, when the volume element
is suitably normalized, the volume of € equals the degree of f.

We report here the results of Hua for classical irreducible bounded symmetric
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domains:

(k—1)--- 211! knk)

° VOl(Ik;ﬂ’L—k}) = (n—1)!--- (TL —k+1Dl(n—k)!

214! (2n — 2)! n(n+1)

2141 (2n — 4)! n(n—1)

o Vol([ffn):(n_l)!n!...(zn—i’))!7r ’

2 n
. Vol(IVn):%

Note in particular that the result for Iy ,_j is the same we used in the

previous chapter. We are now ready to prove:

Theorem 4.4. Let (M*,wrg) be an irreducible compact Hermitian sym-
metric spaces of type LII or III. If dim(M™*) = 2n is sufficiently large then
2
Vol(M*) > ﬂ"—? and in particular Sp(M*,wrs) = deg(f) + 1.
n!

Proof. This proof is actually a case by case verification. We denote by fi ,,
(resp. fn) the embedding of the compact dual of an irreducible bounded
symmetric domain of type Iy, (resp. I, or I11,). Knowing deg(f) for
all irreducible HSSCT we show that, when the dimension is large enough,
the relation deg(f) > dim(M™*) holds and we can thus apply Corollary 4.3.
We start with the irreducible HSSCT of first type that is the complex

Grassmannian Gy, of k-planes in C". We need to show that

K(n— K- (k— 1)1 2111
(n<—(1)!---)zn£k+i)!(n—k)! = 2kn —H) (4.1)

We will consider, as in previous chapter, k£ < 2n. A simple explicit calcula-
tion show that in the case k = 2 the first value of n such that equation (4.1)
holds is n = 7. We show now that it holds also for each n > 7.

To do so we use a discrete version of ratio criterion that means we show that

deg(frn+1) S 2k(n —k+1)
deg(fk,n) o Qk(n - k)
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Rewriting this explicitly we get

2n—-1)!n-2)!_n-1
W2 —2) —n_2

Thus reducing:
22n—-3) _ n—1
>
n T n—2

which is clearly true for n > 7.
Now consider the case k > 3. Note first first that equation (4.1) is satisfied
when (n,k) = (6,3). We show now, using the ratio criterion, that it also

holds for each couple (2k, k), namely we prove that

2(k+1)2
2k?

deg(fk+1,2k+2)
deg(fx,2x)

>

Now again reducing we get the inequality:

+1  kK+k KP+k+1 k:2+2k+1>(k:+1)2
E+1 2k E+1 2k+1  — k2

which is true because each term in the left-hand member is greater than 3
while the right-hand one is always smaller than 2. With the same argument

we can see that with fixed £ > 3 we have

deg(frn+1) S 2k(n —k+1)
deg(frn) — 2k(n—k)

This ends the proof for the complex Grassmannian. In particular we can
see that equation (4.1) is satisfied when dim(Gj, ) > 18.

The proof for HSSCT of type 11, and II1, follows exactly the same ar-
guments we used above. For this reason we do not think it this useful to
report it. This computation gives an explicit lower bound for the dimension

of M*. In particular if M* is of type II, or I1I, then dim(M*) > 30.
O

Remark. We have proved a bit more than we have claimed. Indeed we have
shown that the degree of f can be made arbitrary greater than the dimension
of M*.
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Remark. The computation above is exactly the one we omitted in the proof

of proposition 3.8.

Note that we cannot extend theorem 4.4 to the complex quadric Q,, since

the condition deg(f) > dim(Q,,) is never verified being deg(f) = 2.

4.2 The case of (),

From the results of last section we deduce that the only case still open is
that of the irreducible HSSNT of type IV, namely the complex quadric
Q, C CP"™*!. This section is then dedicate to investigate the symplectic
geometry of Q.

In particular we provide here a full symplectic embedding of @Q,, i.e. a

collection of symplectic embeddings ¢; : B?*(1) — @,, such that
UaBZm) = Q.

This construction arises from the idea that, in view of Conjecture 3.3 one
can provided a symplectic cover of (),, consisting in n + 1 charts.

We will find this full symplectic embedding using the theory we explained
in section 2.2. Concretely we find the explicit form of the embedding

® : B?(1) — @, used in the computation of cq(M*, wrs) and compose
it with n translation giving rise to n + 1 embeddings. We can resume the

construction of ® as follows:
=] i Vv,
B*™(1) € (C", ho) — W, (-]-)) = IV, wp) —= (V,wrs) 5, (Qn,wrs)

where £ is the Harish-Chandra embedding.
Let us first focus on the HPJT'S V associated to @,. The triple product
on C" making it a HPJT'S is given by

{u,v, 2z} = 2(ho(u,v)z + ho(z,0)u — ho(u, Z)v)
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This is a simple HPJTS of rank 2 with genus ¢ = n. From the above
definition we get
1
(ulv) = —trD(u,v) = 2ho(u,v)
n

which gives us the correspondence between (C™, hg) and (V, (+|-)).
In order to have an explicit formula for Uy we need to understand the
spectral decomposition of a regular point in V. It is easy to verify that

tripotents in V are the elements ¢ = = + iy (with z,y € R™) such that
1 _ 1
ho(e,e) = 55 hole,©) =05 lzll = lyll = 5

Now we want to find the spectral decomposition v = A1c; + Agco of an ele-
ment v. So let v be any element in V and define arg(v) = ho(v,?)/||ho(v, ).
For all i € C such that ||u]| = 1 we have arg(uv) = p? arg(v).

Thus if we set o = (arg(v))% then the element vy = av satisfies the equal-
ity ho(vy,v4) = ||ho(v,v)||. Now denote by =4 (resp. y4) the real (resp.
imaginary) parts of vy, that is vy = x4 + iy,.

It is not difficult to check that the spectral decomposition v = Aj¢1 + Agco

is given by

A=zl + gl

af Ty - Yt
cl1 = < +1 >
2 <Hw+ll [[y+]]

A2 = [zl = lly+l

C1=a< s —1 Y >
2\ [lzy ]l Myl

Moreover this decomposition satisfies the properties

A2+ )2 _
ho(v,v) = %; Hho(’l),’l))” = )\1 . )\2

We can now understand the explicit form of the symplectic duality Uyy,, .

If v = Aie1 + Agceo is the spectral decomposition of v € V, from equation
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(2.5) we get
B(v,v)c; = (1 = \)?¢;

1
which in our case implies

A A
_ g1 _ 1 2
2=V = TR T g agie®

(4.2)

Now z € B*(1) C IV, if and only if ||z < 1, i.e.

() + (i) <
(14 A})1/2 (14 A3)1/2

Then a simple computation shows that if z € B?*(1) then v = ¥y, (2) must

satisfy the condition
[v'v][* = [lho(v,D)[* = (A1 - A2)? < 1

Now in order to conclude the construction we need the expression of the

Harish-Chandra map. Wolf computed (see [26]) the Harish-Chandra map

£:V — @, with basepoint 0 =[0:...:0:1:i] € Q,. The explicit form of
this map is:
() =&,y vn) = [2iv1 .z 200 0 (1T +0"0) 1di(1 —0'v)]

So far we have proved that

OB (1) ={[20: .. : Znt1] € Qu|zn # 0; 2n41 # 0}

At this point we have a symplectic embedding of B?*(1) in Q,, thus only
need to construct n other embeddings such that the claim holds. Consider

then the maps P; : C"*2 — C"*2 for i = 0,...,n given by

fi(Z07 RN Zn+1) — (Z(), ey R Ry Bl Ry e e e s Zn—l)

These are n + 1 unitary isometries of C**2, hence they induce holomorphic

isometries F; on @,,. The embeddings we are looking for are then {F; o ®}.
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Now, as final step of our construction, we need to show that

UEe®)(B>(1)) = Qa
Note that (F; o ®)(B?**(1)) = {[20 : - .- : znt1] € Qulzi # 0; ;11 # 0}.
Then [z] = [20: ... 2nt1] € Qpn is not in the image of (F;o®) fori =0,...,n
if and only if there does not exist ¢ such that z; # 0 and z;11 # 0.
Being [2] a point of CP™™! there exist z; # 0. Let a be a complex number

such that az; = 2. Now from z;11 = 0 we deduce

2] € (Fj 0 @)(B?0(1))

We have then provided a full symplectic embedding of @,,.

Unfortunately we cannot say anything about the invariant Sp(Qn,wrs)
apart from what comes directly from Rudyak and Schlenk theorem that
is

n+1<Sp(Qn,wrs) <2n+1

However we believe that it is possible to cover the complex projective quadric

with n + 1 Darboux charts.
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