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Darboux Theorem
Let (M2" w) be a symplectic manifold and let wp = ZJ'-’ZI dx; A dy;j be the
standard symplectic form on R?". Given p € M there exist an open set

Up, C M and a diffeomorphism
¥ Up = ¢(Up) C R

such that

Y*wo = wyy,

How large U, can be taken?

Gromov's exotic symplectic structures

There exists a symplectic form w on R?", n > 2, such that (R",w) cannot
be symplectically embedded into (R2",wg). oronor, o varn., 1985
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The Gromov width teromov, mv. waen., 19551 of a 2n-dimensional symplectic
manifold (M,w) is defined as

cc(M,w) = sup{mr? | B>(r) symplectically embeds into (M, w)},

where

B¥(r) = {(x.y) € R | Y g2 + Iy < r}
j=1

is the open ball of radius r in (R2",wp).
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Some remarks on symplectic capacities 1

When n =1 (2-dimensional symplectic manifolds)

(M) = | | ul

defines a symplecitc capacity which agrees with the Lebesgue measure in
(R2,Q)0).

In contrast, when n > 1,

= ([5)

does not define a symplectic capacity since Z2"(r) has infinite volume.
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Some remarks on symplectic capacities 2

(monotonicity) :>’ symplectic capacities are symplectic invariants.

for every open set U C R” such that B2(r) C U C Z"(r) :>’
c(U) = rr?.

It is hard to prove the existence of a symplectic capacity. )
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The Gromov width cg is a symplectic capacity. Moreover

cc(M,w) < c(M,w)

for every capacity c.

Proof

(monotonicity) and (conformality) for cg are easy consequences of the
definition of Gromov width.

Let ¢ : B2"(r) — M be a symplectic embedding. Then

| \

7r? = ¢(B?(r),wp) < c(M,w) \:9 cc(M,w) < c(M,w).

The (nontriviality) for cg, i.e. cg(B?"(r),wo) = 7 = cc(Z?"(r),wo),
follows by the celebrated Gromov's nonsqueezing theorem:
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Gromov nonsqueezing theorem

There exists a symplectic embedding B2"(r) — Z?"(R) iff r < R.

[Gromov, Inv. Math., 1985]
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Basic facts on Symplectic Topology =~ The Gromov width as a symplectic capacity

Gromov nonsqueezing theorem
There exists a symplectic embedding B2"(r) — Z?"(R) iff r < R.

[Gromov, Inv. Math., 1985]

| A\

Remark
Assuming the existence of any symplectic capacity ¢ one easily deduces
Gromov's nonsqueezing theorem. Indeed, let ¢ : B2"(r) — Z?"(R) be a

symplectic embedding. Then (monotonicity)+(nontriviality) :>>

7r? = ¢(B?(r),wo) < c(Z*"(R),wp) = ©R2.
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[Taekgyu Hwang, Dong Youp Suh, The Gromov width from Hamiltonian circle actions, arXiv:1305.2989v2]

14 /52



Basic facts on Symplectic Topology =~ The Gromov width as a symplectic capacity

Some known results for homogeneous Kahler manifolds

@ Upper and lower bounds of the Gromov width of some coadjoint orbits
[A. C. Castro, Upper bound for the Gromov width of coadjoint orbits of type A, arXiv:1301.0158v1]

[Taekgyu Hwang, Dong Youp Suh, The Gromov width from Hamiltonian circle actions, arXiv:1305.2989v2]

@ Computation of the Gromov width of the complex Grassmannian
[Y. Karshon, S. Tolman, Algebr. Geom. Topol., 2005] and prOdUCt Of Grassmannians

[G. Lu, Israel J. Math., 2006]

14 /52



Basic facts on Symplectic Topology =~ The Gromov width as a symplectic capacity

Some known results for homogeneous Kahler manifolds

@ Upper and lower bounds of the Gromov width of some coadjoint orbits
[A. C. Castro, Upper bound for the Gromov width of coadjoint orbits of type A, arXiv:1301.0158v1]
[Taekgyu Hwang, Dong Youp Suh, The Gromov width from Hamiltonian circle actions, arXiv:1305.2989v2]

@ Computation of the Gromov width of the complex Grassmannian
[Y. Karshon, S. Tolman, Algebr. Geom. Topol., 2005] and prOdUCt Of Grassmannians

[G. Lu, Israel J. Math., 2006]

@ Computation of the Gromov width of the 4-dimensional torus.

[J. Latschev, D. McDuff and F. Schlenk, Te Gromov width of the 4-dimensional tori, arXiv:1111.6566]

14 /52



Basic facts on Symplectic Topology =~ The Gromov width as a symplectic capacity

Some known results for homogeneous Kahler manifolds

@ Upper and lower bounds of the Gromov width of some coadjoint orbits
[A. C. Castro, Upper bound for the Gromov width of coadjoint orbits of type A, arXiv:1301.0158v1]
[Taekgyu Hwang, Dong Youp Suh, The Gromov width from Hamiltonian circle actions, arXiv:1305.2989v2]

@ Computation of the Gromov width of the complex Grassmannian
[Y. Karshon, S. Tolman, Algebr. Geom. Topol., 2005] and prOdUCt Of Grassmannians
[G. Lu, Israel J. Math., 2006]

@ Computation of the Gromov width of the 4-dimensional torus.

[J. Latschev, D. McDuff and F. Schlenk, Te Gromov width of the 4-dimensional tori, arXiv:1111.6566]

@ Computation of the Gromov width of the first Cartan domain and
upper and lower bounds for the classical ones (endowed with wy)

[G. Lu, H. Ding, Q. Zhang, Int. Math. Forum 2, 2007].

14 /52



Basic facts on Symplectic Topology =~ The Gromov width as a symplectic capacity

Some known results for homogeneous Kahler manifolds

@ Upper and lower bounds of the Gromov width of some coadjoint orbits

[A. C. Castro, Upper bound for the Gromov width of coadjoint orbits of type A, arXiv:1301.0158v1]

[Taekgyu Hwang, Dong Youp Suh, The Gromov width from Hamiltonian circle actions, arXiv:1305.2989v2]
@ Computation of the Gromov width of the complex Grassmannian

[Y. Karshon, S. Tolman, Algebr. Geom. Topol., 20051 and product of Grassmannians

[G. Lu, Israel J. Math., 2006]

@ Computation of the Gromov width of the 4-dimensional torus.

[J. Latschev, D. McDuff and F. Schlenk, Te Gromov width of the 4-dimensional tori, arXiv:1111.6566]

@ Computation of the Gromov width of the first Cartan domain and
upper and lower bounds for the classical ones (endowed with wy)

[G. Lu, H. Ding, Q. Zhang, Int. Math. Forum 2, 2007].

Aim of this talk: to compute the Gromov width for all Hermitian
symmetric spaces of compact and noncompact type (bounded
symmetric domains) and their products.
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Basic facts on Hermitian spaces

@ A Hermitian symmetric space is a connected Kahler manifold (M, w)
such that each point p € M is an isolated fixed point of some
holomorphic involutory isometry s, of M.
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Basic facts on Hermitian spaces

@ A Hermitian symmetric space is a connected Kahler manifold (M, w)
such that each point p € M is an isolated fixed point of some
holomorphic involutory isometry s, of M.

@ The component of the identity of the group of holomorphic isometries
of M acts transitively on M and hence every Hermitian symmetric
space is a homogeneous space.

@ A Hermitian symmetric space M is said to be of compact or
noncompact type if M is compact or noncompact (and non flat).

@ Every Hermitian symmetric space is a direct product

Mo x M_ x M4

where all the factors are simply-connected Hermitian symmetric
spaces, My = C" and M_ and M, are spaces of compact and
noncompact type, respectively.

@ Any Hermitian symmetric space of compact or non-compact type is
simply connected and is a direct product of irreducible Hermitian
symmetric spaces. 16/52
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Hermitian symmetric spaces Definition and some properties

Hermitian symmetric spaces of compact type (HSSCT)
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for the generator A = [CP!] € Ha(M, 7).
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Hermitian symmetric spaces Definition and some properties

Hermitian symmetric spaces of compact type (HSSCT)

Let (M, wrs) be an irreducible HSSCT, where wrs is the canonical Kahler
form, i.e. the Kahler-Einstein form such that

wrs(A) = /AWFS =

for the generator A = [CPY] € Hy(M,Z).

There exists a natural number N and a holomorphic embedding
BW : M — CPV

called the Borel-Weil embedding, such that

WFSs = BW*QF5.
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Hermitian symmetric spaces Duality

Duality

To every bounded symmetric domain 2 C C” one can associate an
irreducible HSSCT (M, w) called the compact dual of Q (and viceversa)
such that Q is holomorphically embedded into M.

More precisely we have the following holomorphic embeddings:

Harish— Chandra Borel BW
C c" M = cpPN
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Let
D[[k, n] = {Z S Mk,n((c) ’ I — 77" > 0}

be the first Cartan domain.
The compact dual of D;[k, n] is the complex Grassmannian Grass, (C"**)

endowed with the Fubini-Study form wgs. More precisely,

Harish— Chandra Borel —Plucker
Dilk, ] My o(C) = CK O Grassy (CTHK) P ¢ pN,
N=( "t ) -1,

wrs = P*QFs, wrs|cwm = iag log det(lx + ZZ*)

WBerg = —2n§8(§|0g det(ly — ZZ%).
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symplectic (Kahler) form wes.
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Let (M, wrs) be an irreducible HSSCT endowed with the canonical
symplectic (Kahler) form wgs. Then

CG(M,w/:s) = T.

Let (M,-,w;'_-s), i=1,...,r, beirreducible HSSCT of complex dimension n;

endowed with the canonical symplectic (Kahler) forms wjs. Then
c6 (Myx - X My, wis & -+ ® whg) = .

Moreover, if a1, ..., a, are nonzero constants, then

cg (My x -+ x M,, ajwks ® - ®awps) < min{lal, ..., |a|}m.
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Theorem 1 extends (to the case of HSSCT) the results of Y. Karshon, S.

Tolman (v, kershon, . Toiman, Algebr. Geom. Topol., 20051 When M is the complex
Grassmannian.

Theorem 2 extends (to the case of HSSCT) G. Lu's results
(6. 1, Teract 1. veen., 20051 When M are complex Grassmannians.

When /\/IJ-:(CP1 forallj=1,...,r,
cG(CPr x --- x CPY, a1wps @ - - - @ a,wrs) = min{|ay), ..., |a |}

[G. Lu, Israel J. Math., 2006]

c6(CP™ x --- x CP”’,aloJ,l:s ®---®awps) =7

if some nj > 1 or |a;| # 1.
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@ The proof of the upper bound cg(M,wrs) < 7 is obtained by the
computations of some genus-zero three-points Gromov-Witten
invariants for irreducible HSSCT (4. seauviite, wat. Fiz. anal. Geom., 19957,
[P. E. Chaput, L. Manivel, N. Perrin, Transform. Groups, 2008],

[B. Siebert, G. Tian, Asian J. Math., 1997]
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@ The proof of the upper bound cg(M,wrs) < 7 is obtained by the
computations of some genus-zero three-points Gromov-Witten
invariants for irreducible HSSCT (4. seauviite, wat. Fiz. anal. Geom., 19957,
[P. E. Chaput, L. Manivel, N. Perrin, Transform. Groups, 2008],

[B. Siebert, G. Tian, Asian J. Math., 19977 and through nonsqueezing theorem
techinques using and extending the ideas in

[Y. Karshon, S. Tolman, Algebr. Geom. Topol., 2005] fOF the Comp|€X Grassmanr“an
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'Step The lower bound cg(M,wrs) > 7 is obtained as follows.

o Let (Q,wp), 2 C C", be the bounded symmetric domain noncompact
dual of (M, wrs) equipped with the canonical symplectic form wq of
R2". Then there exists a symplectic embedding

¢Q : (Q,wo) — (M,UJFs)

[A. J. Di Scala, AL, Symplectic duality of Symmetric Spaces, Adv.Math., 2008]
@ Using Jordan triple systems tools one can prove that there exists a
symplectic embedding

(B27(1),wo) < (2, wo) 28 (M, wes) 5) ce(M,wes) > .

The embedding ®q induces a global symplectomorphism
Borel

(Q,wo) 28 (M\ Cuto(M) = C",wrs) ¢ (M,wrs) 2% (CPV, wrs)
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@ The lower bound cg (I\/l1 X oo X Mr,w,l_—s ®--- @w,r_—s) > s
obtained by (motonicity)+(nontriviality) of cg and the embeddings

[o3] ><---><¢Qr

(o)
B2 (1) € Iy B2(1) € x4y — X M;.
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-

Ste

@ The lower bound cg (I\/l1 X oo X Mr,w,l_—s ®--- @w,r_—s) > s
obtained by (motonicity)+(nontriviality) of cg and the embeddings

. bq XX P,
BPmt (1) € xf_ BP(1) € xfy QT — " X[ M.

@ The upper bound
cg (My x -+ x M,, ajwks @ - ® arwfs) < min{lail, ..., |a|}m

and hence c¢ (I\/l1 X oo X Mr,w,l_—s D @w,r_—s) < 7 is obtained by
combining cg(Mj,wks) < m with the following theorem.
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e ..~

Let (M, wEs) be an irreducible HSSCT and (N, w) be any closed
symplectic manifold. Then, for any nonzero real number a,

co(N x M,w & awrs) < |a|r.

- e - l)]i

The proof of the theorem uses Lu's pseudo symplectic capacities and their
estimation in terms of Gromov-Witten invariants.
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Let Q; CC", i=1,...,r, be bounded symmetric domains of complex
dimension n; equipped with the standard symplectic form wy of
R2" = C". Then

cG(le---xQ,,wé@---@wé):7r.

Moreover, If a1,...,a, are nonzero constants, then

c6 (1 x -+ x Q, a1wg ® - ®awg) < min{lagl, ..., |a}r.
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ones) the results in [G. Lu, H. Ding, Q. Zhang, Int. Math. Forum 2, 2007] valid for
classical Cartan domains.

31/52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

Remarks on Theorem 3 and Theorem 4

Theorem 3 extends to the product of HSSNT (including the exceptional
ones) the results in [G. Lu, H. Ding, Q. Zhang, Int. Math. Forum 2, 2007] valid for
classical Cartan domains.

Notice that
CG(QawBerg) = 400.

31/52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

Remarks on Theorem 3 and Theorem 4

Theorem 3 extends to the product of HSSNT (including the exceptional
ones) the results in [G. Lu, H. Ding, Q. Zhang, Int. Math. Forum 2, 2007] valid for
classical Cartan domains.

Notice that
CG(QawBerg) = 400.

Indeed, by the following result of D. McDuff . ucouse, 5. piss. ceonetry, 19883
(R, waerg) is globally symplectomorphic to (R?",wp).

31/52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

Remarks on Theorem 3 and Theorem 4

Theorem 3 extends to the product of HSSNT (including the exceptional
ones) the results in [G. Lu, H. Ding, Q. Zhang, Int. Math. Forum 2, 2007] valid for
classical Cartan domains.

Notice that
CG(Q,WBerg) = 400.

Indeed, by the following result of D. McDuff . weours, 5. pigs. ceonerry, 19881
(R, waerg) is globally symplectomorphic to (R?",wp).

A

Theorem (McDuff)

Let (M,w) be a Kdhler manifold. Assume that m(M) = {1}, M is
complete and K < 0. Then there exists a symplectomorphism

v (Mw) — (Rzn,wo).

31/52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSS

The proof of Theorem 3

32 /52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

The proof of Theorem 3

(B27(1),wo) > (2, wo) 28 (M, wes),

32 /52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

The proof of Theorem 3

(82”(1),w0) — (Q,wo) ¢%Q (M,w/:s), CG(BZH(].),WQ) = Cg(M,wps) = T

32 /52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

The proof of Theorem 3

(82”(1),w0) — (Q,wo) ¢%Q (M,w/:s), CG(BZH(].),WQ) = Cg(M,wps) = T

2

32 /52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

The proof of Theorem 3

(82”(1),w0) — (Q,wo) ¢%Q (M,w/:s), CG(BZH(].),WQ) = Cg(M,wps) = T

3) ce(Qwo) =7

32 /52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

The proof of Theorem 3

(82”(1),w0) — (Q,wo) ¢%Q (M,w/:s), CG(BZH(].),WQ) = Cg(M,wps) = T

#) CG(Q,wO) =7
The proof of Theorem 4

32 /52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

The proof of Theorem 3

(82”(1),w0) — (Q,wo) ¢%Q (M,w/:s), CG(BZH(].),WQ) = Cg(M,wps) = T

#) CG(Q,wO) =7
The proof of Theorem 4

. g, XX g,
B2m+ +2n,(1) C XJ(:152"J(1) C Xf:lﬂj 17 Xf:le

32 /52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

The proof of Theorem 3

(B2n(1),wO) — (Q,wo) ¢%Q (M,w/:s), CG(BZH(].),WQ) = CG(M,wps) = T
3 CG(Q,wo) =T

The proof of Theorem 4

. g, XX bg,
82n1+ +2n,(1) C XJ(:152"J(1) C Xf:lﬂj 17 szle

CG(B2n1+"'+2n’(1),w0) =cg (/\/]1 X oo X Mrvwll-'s d---P er-'S) 722 T

32 /52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

The proof of Theorem 3

(82”(1),w0) — (Q,wo) ¢%Q (M,w/:s), CG(BZH(].),WQ) = Cg(M,wps) = T

#) CG(Q,wO) =7
The proof of Theorem 4

. g, XX bg,
B2n1+ +2n,(1) C XJ(:152"J(1) C Xf:lﬂj 17 szle

CG(B2n1+"'+2n’(1),w0) =cg (/\/]1 X oo X [\/]hw,l__S d---P er-'S) 722 T

2

32 /52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

The proof of Theorem 3

(B2n(1),wO) — (Q,wo) ¢%Q (M,w/:s), CG(BZH(].),WQ) = CG(M,wps) = T
3 CG(Q,wo) =T

The proof of Theorem 4

. g, XX bg,
82n1+ +2n,(1) C XJ(:152"J(1) C Xf:lﬂj 17 szle

CG(B2n1+"'+2n’(1),w0) =cg (/\/]1 X oo X Mrvwll-'s d---P er-'S) 722 T

) 6 (U x X QB Owg) =

32 /52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

The proof of Theorem 3

(B2n(1),wO) — (Q,wo) ¢%Q (M,w/:s), CG(BZH(].),WQ) = CG(M,wps) = T
3 CG(Q,wo) =T

The proof of Theorem 4

. g, XX bg,
82n1+ +2n,(1) C XJ(:152"J(1) C Xf:lﬂj 17 szle

CG(B2n1+"'+2n’(1),w0) =cg (/\/]1 X oo X Mrvwll-'s d---P er-'S) 722 T

) 6 (U x X QB Owg) =

Th2
c (My x -+ x M,, ajwrs ® @ awps) < minflagl,..., |ar]}m

32 /52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

The proof of Theorem 3

(B2n(1),wO) — (Q,wo) ¢%Q (M,w/:s), CG(BZH(].),WQ) = CG(M,wps) = T
3 CG(Q,wo) =T

The proof of Theorem 4

. g, XX bg,
82n1+ +2n,(1) C XJ(:152"J(1) C Xf:lﬂj 17 szle

CG(B2n1+"'+2n’(1),w0) =cg (/\/]1 X oo X Mrvwll-'s d---P er-'S) 722 T

:>>CG(§21><--~><Q,,wé®---69w6):7r
L LT
cc (My x -+ X My, a1wps ® -+ ® a,wps) < min{lai1],...,|as|}7

9

32 /52



Main results: the Gromov width of Hermitian symmetric spaces Main results on HSSNT: Theorem 3 and Theorem 4

The proof of Theorem 3

(B2n(1),wO) — (Q,wo) ¢%Q (M,w/:s), CG(BZH(].),WQ) = CG(M,wps) = T
3 CG(Q,wo) =T

The proof of Theorem 4

. g, XX bg,
82n1+ +2n,(1) C XJ(:152"J(1) C Xf:lﬂj 17 szle

CG(B2n1+"'+2n’(1),w0) =cg (/\/]1 X oo X Mrvwll-'s d---P er-'S) 722 T

) 6 (U x X QB Owg) =

Th2
c (My x -+ x M,, ajwrs ® @ awps) < minflagl,..., |ar]}m

:>) c6 (U x - X Qr,a1wf @ - ® awf) < minflar], ..., |a]}m.

32 /52



Main results: the Gromov width of Hermitian symmetric spaces = Symplectic capacities of HSSNT: Theorem 5

0 Basic facts on Symplectic Topology

© Hermitian symmetric spaces

© Main results: the Gromov width of Hermitian symmetric spaces

@ Symplectic capacities of HSSNT: Theorem 5
e Open problems and other symplectic invariants

33/52



Main results: the Gromov width of Hermitian symmetric spaces = Symplectic capacities of HSSNT: Theorem 5

34 /52



Main results: the Gromov width of Hermitian symmetric spaces = Symplectic capacities of HSSNT: Theorem 5

Mhesams ]

Let Q2 C C" be a bounded symmetric domain.

34 /52



Main results: the Gromov width of Hermitian symmetric spaces = Symplectic capacities of HSSNT: Theorem 5

Mhesams ]

Let Q2 C C" be a bounded symmetric domain. Then

C(Q, wo) =T

for any symplectic capacity c.

34 /52



Main results: the Gromov width of Hermitian symmetric spaces = Symplectic capacities of HSSNT: Theorem 5

Mhesams ]

Let Q2 C C" be a bounded symmetric domain. Then

C(Q, wo) =T

for any symplectic capacity c.

Idea of the proof

34 /52



Main results: the Gromov width of Hermitian symmetric spaces = Symplectic capacities of HSSNT: Theorem 5

Mhesams ]

Let Q2 C C" be a bounded symmetric domain. Then

C(Q, wo) =T

for any symplectic capacity c.

Idea of the proof

Using Jordan triple systems tools one can prove that

B?'(1) c Q c Z?"(1).

34 /52



Main results: the Gromov width of Hermitian symmetric spaces = Symplectic capacities of HSSNT: Theorem 5

Mhesams ]

Let Q2 C C" be a bounded symmetric domain. Then

C(Q, wo) =T

for any symplectic capacity c.

Idea of the proof

Using Jordan triple systems tools one can prove that

B?'(1) c Q c Z?"(1).

Hence the conclusion follows by (monotonicity)+(nontriviality) of c.
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Hofer—Zehnder capacity cyz

In [H. Hofer, E. Zehnder, A new capacity for symplectic manifolds, Academic Press, New York 1990 ]

Hofer and Zehnder defines a symplectic capacity cyz, which satisfies

CHz(M,w) > C(M,w)

for all symplectic capacity c.
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[H. Hofer and C. Viterbo, The Weinstein conjecture...., Comm. Pure and Applied Math. 45, 1992]
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Known results on ¢z

Theorem (Hofer-Viterbo)

CHz((CPn,wps) =T

[H. Hofer and C. Viterbo, The Weinstein conjecture...., Comm. Pure and Applied Math. 45, 1992]
”

Theorem (Lu)

Let a; #0,/=1,...r. Then

cHz(CP™ X - x CP™, ajwhs @ -+ - @ aywis) = (Ja1| + - - - + |a,| )7

[G. Lu, Israel J. Math., 2006].
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Then
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Theorem 6 extends a theorem of Lu when M; are complex Grassmannians.

Open problem

cHz(M,wes) =7
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The symplectic Lusternik-Schnirelmann category

Let (N,w) be a closed symplectc manifold. The symplectic
Lusternik-Schnirelmann category S(N,w)

[Y. B. Rudyak, F. Schlenk, Commun. Contemp. Math., 2007 ] is defined as
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Let (N,w) be a closed symplectc manifold. The symplectic
Lusternik-Schnirelmann category S(N,w)

[Y. B. Rudyak, F. Schlenk, Commun. Contemp. Math., 2007 ] is defined as
S(N,w) = min{k | N=WViuU-..-U Vk}

where each V; = ®;(U;) by a symplectic embedding ®; : U; — V; C N, U;
bounded subset of (R?",wp) diffeomorphic to an open ball in R?".

Let (M,wrs) be an irreducible HSSCT and BW : M — CPN the
Borel-Weil embedding. Then

S(Mywes) < N+1
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Darboux charts

Let (M, w) be a closed symplectic manifold. By Darboux theorem for each
point p € M there exists a symplectic embedding
@1 (B?"(r),wo) = (M,w), for some r > 0. One calls (B2"(r), ¢) a
Darboux chart. [Y. B. Rudyak, F. Schlenk, Commun. Contemp. Math., 2007 ] .
Let

SB(M,w) = min{k ‘ M=BU---U Bk}

where each B; is the image ;(B2"(r;)) of a Darboux chart.

Problem

Let (M, wrs) be an irreducible HSSCT. Compute (or estimate)
Se(M, wrs).

| A\,
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Symplectic packings
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symplectic embeddings

o (B2"(r),wo) = (M,w), i=1,...,k

such that ¢;(B2"(r)) N;(B?"(r)) = 0, for i # j.
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symplectic embeddings

o (B2"(r),wo) = (M,w), i=1,...,k

such that ¢;(B2"(r)) N ;(B?"(r)) = 0, for i # j. A full symplectic
k-packing is a symplectic k-packing such that

M = UK_;9i(B?"(r))

[Gromov, Inv. Math., 1985], [McDuff, Polterovich and Karshon, Inv. Math., 1994],

[Traynor, J. Diff. Geom., 1995], [Biran, Inv. Math., 1997].
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Symplectic packings

For an integer k > 0 and r > 0, a symplectic k-packing by balls of
radius r of a 2n-dimensional symplectic manifold (M, w) is a set of
symplectic embeddings

o (B2"(r),wo) = (M,w), i=1,...,k

such that ¢;(B2"(r)) N ;(B?"(r)) = 0, for i # j. A full symplectic
k-packing is a symplectic k-packing such that

M = UK_;9i(B?"(r))

[Gromov, Inv. Math., 1985], [McDuff, Polterovich and Karshon, Inv. Math., 1994],
[Traynor, J. Diff. Geom., 1995], [Biran, Inv. Math., 1997].
Problem

Studying (full) symplectic k-packings of HSSCT.
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Let (M,w) be a closed symplectic manifold. Its Fefferman invariant
F(M,w) is the largest integer p for which there exists a symplectic
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When Grassk((C”) G. Lu e ru, 1sraer 5. mats., 20051 Shows that
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Fefferman invariant

Let (M,w) be a closed symplectic manifold. Its Fefferman invariant
F(M,w) is the largest integer p for which there exists a symplectic
p-packing (not necessarily full) of ball of radius 1.

When Grassk((C”) G. Lu e ru, 1sraer 5. mats., 20051 Shows that

F(Grassg(C"),wrs) < [n/k].

Problem : find a similar upper bound for HSSCT. )
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THANK YOU FOR YOUR ATTENTION!
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e (monotonicity) for cg follows immediately by the definition of
Gromov width.
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e (monotonicity) for cg follows immediately by the definition of
Gromov width.

@ Given a symplectic embedding
@ : (B2(r),wo) = (M, \w)

it is not hard to construct a symplectic embedding

x (B%(\/”T’),w()) (M, w)

and viceversa. Thus (conformality) for cg follows by the definition of
Gromov width.
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Lemma

Let (M,w) be a monotone symplectic manifold (i.e. there exists A > 0
such that

w(B) = Aa(M)(B)

for all spherical classes B = [CP] € H*(M,Z)). Let A € Hy(M,Z) be an
indecomposable spherical class. (it cannot be decomposed as a sum
A=A1+ -+ Ak, k > 2, of classes which are spherical and satisfy
w(A;j) >0fori=1,...,k). Let pt denote the homology class of a point.
Suppose that there exist submanifolds X and Y of M such that

dim X +dim Y = 4n — 2¢1(M)(A)

and so that
¢A(Pt, [X]v [Y]) 7é 0.

If 7r? > w(A) = [, w, there does not exist a symplectic embedding of
(B2"(r),wo) into (M, w).
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Let
D/[k, n] = {Z S Mk,n((c) | I — 77" > 0}

be the first Cartan domain.
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Let
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be the first Cartan domain.
The compact dual of D[k, n] is the complex Grassmannian

(Grass, (C™5), wes).
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Example: symplectic embedding of the first Cartan domain into its

complex dual Grass, (C"*)

Let
D/[k, n] = {Z S Mk,n((c) | I — 77" > 0}

be the first Cartan domain.
The compact dual of D[k, n] is the complex Grassmannian

(Grass, (C™5), wes).
The map
® : D[k, n] — My n(C) = CK™ C Grass; (C"T)

defined by
1
O(2Z2)=(Ixk—2Z2")"2Z

is a diffeomorphism such that

d>*w,:5 = Wwo-
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Pseudo symplectic capacities

A map c¥ from the set C(2n, k) of all tuples (M,w; a1, ..., ax) consisting
of a 2n-dimensional connected symplectic manifold (M, w) and k nonzero
homology classes aj € Hy(M;Q), i =1,...,k to [0, +0o0] is called a
k-pseudo symplectic capacity ic. 1o, tsrac1 3. watn., 20061 if it satisfies the
following properties:
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Pseudo symplectic capacities

A map c¥ from the set C(2n, k) of all tuples (M,w; a1, ..., ax) consisting
of a 2n-dimensional connected symplectic manifold (M,w) and k nonzero
homology classes «; € H.(M;Q), i =1,...,k to [0, +00] is called a
k-pseudo symplectic capacity ic. 1o, tsrac1 3. watn., 20061 if it satisfies the
following properties:

o (pseudo monotonicity) if there exists a symplectic embedding
¢ (M,w1) = (M,ws) then, for any a; € H,(M1;Q), i =1,...,k,

C(k)(Ml,OJ]_; aq, ... ,Oék) < C(k)(M2aw2; @*(al)a B @*(ak)),

o (conformality) c(W(M, \w;ary,... o) = |AcO(M,w; o, ..., a),
for every A € R\ {0} and all homology classes «; € H.(M; Q) \ {0},
i=1,...,k;

o (nontriviality)
ck)(B2(1),wo; pt, . .., pt) = 7 = cK)(Z27(1), wo; pt, .. ., pt), where
pt denotes the homology class of a point.



	Basic facts on Symplectic Topology
	Darboux Theorem
	Gromov width
	Symplectic capacities
	The Gromov width as a symplectic capacity

	Hermitian symmetric spaces
	Definition and some properties
	Duality

	Main results: the Gromov width of Hermitian symmetric spaces
	Main results on HSSCT: Theorem 1 and Theorem 2
	Main results on HSSNT: Theorem 3 and Theorem 4
	Symplectic capacities of HSSNT: Theorem 5

	Open problems and other symplectic invariants
	Biran's conjecture
	Hofer–Zehnder capacity
	Symplectic Lusternik-Schnirelmann category
	Darboux charts
	Symplectic packings and Fefferman invariant


